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The first named author has given a classification of all separable, nuclear
Cg-algebras A that absorb the Cuntz algebra O.. (We say that A absorbs O. if A is
isomorphic to A é O..) Motivated by this classification we investigate here if one
can give an intrinsic characterization of Cg-algebras that absorb O.. This inves-
tigation leads us to three different notions of pure infiniteness of a Cg-algebra, all
given in terms of local, algebraic conditions on the Cg-algebra. The strongest of the
three properties, strongly purely infinite, is shown to be equivalent to absorbing O.
for separable, nuclear Cg-algebras that either are stable or have an approximate
unit consisting of projections. In a previous paper (2000, Amer. J. Math. 122,
637–666), we studied an intermediate, and perhaps more natural, condition: purely
infinite, that extends a well known property for simple Cg-algebras. The weakest
condition of the three, weakly purely infinite, is shown to be equivalent to the
absence of quasitraces in an ultrapower of the Cg-algebra. The three conditions
may be equivalent for all Cg-algebras, and we prove this to be the case for
Cg-algebras that are either simple, of real rank zero, or approximately divisible.
© 2002 Elsevier Science (USA)
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1. INTRODUCTION
It is well known that each von Neumann algebra is the direct sum of two
von Neumann algebras: one of which is finite and has a separating family
of traces (the type In, n <., and type II1 portions), and the other is prop-
erly infinite (the type I., II., and III portions). The properly infinite
summand is again a direct sum of two von Neumann algebras: one of
which has an essential ideal admitting a separating family of (unbounded,
densely defined) traces (the type I. and II. portions), and one which is
traceless and purely infinite (the type III portion). We investigate here a
Cg-analog of the type III von Neumann algebras. More generally, we look
at the Cg-analog of the quotient of a general von Neumann algebra by the
ideal generated by its finite projections.
Our motivation for studying purely infinite Cg-algebras stems primarily
from the possibility of classifying these Cg-algebras along the lines of
Elliott’s classification program as described in [10]. More specifically, the
first named author has recently proved that if A and B are nuclear, sepa-
rable Cg-algebras both with primitive ideal spectrum homeomorphic to
some T0-space X, then A é O. éK is isomorphic to B é O. éK if and
only if A and B are KKX-equivalent, where KKX is a version of KK-theory
that respects the primitive ideal spaces. As a step towards (and also a
corollary of) this result, it is shown that two nuclear, separable Cg-algebras
A and B satisfy A é O2 éK 5 B é O2 éK if and only if A and B have
homeomorphic primitive ideal spaces.
The classification result raises some questions: Can one determine when
A and B are KKX-equivalent? Is there an intrinsic characterization of those
Cg-algebras that absorb O.? We shall not address the first question here
except to note that one should be looking for a version of a universal coef-
ficient theorem (UCT) for KKX. An example of such a UCT was given in
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[21], where KKX-equivalence was determined by the isomorphism of six-
term exact sequences in the case where X consists of two points.
The first named author proved (in a paper published in [15]) that for a
simple, nuclear, separable Cg-algebra A one has A5 Aé O. if and only if A is
purely infinite (in the sense of Cuntz [6]). The most optimistic generalization
of this result to non-simple Cg-algebras would be as follows: For any (separ-
able, nuclear) Cg-algebra A the following three conditions are equivalent:
(i) A 5 A é O.,
(ii) A is purely infinite (cf. Definition 3.4),
(iii) A is traceless in the sense that no algebraic ideal in A admits a
non-zero—possibly unbounded—quasitrace.
We shall, here establish an equivalence similar to, but weaker than, this.
Some of the technical difficulties are solved by inventing three different
notions of being purely infinite. The strongest of the three, strongly purely
infinite (defined in Section 5), is shown in Section 8 to be equivalent to (i)
above for nuclear, separable Cg-algebras that are either stable or have an
approximate unit consisting of projections. In Section 4 we discuss weakly
purely infinite Cg-algebras, and it is shown that a Cg-algebra A is weakly
purely infinite if and only if its ultrapower Aw is traceless. The intermediate
condition was treated in detail in an earlier paper [16], and a brief survey
of the properties of purely infinite Cg-algebras is given in Section 3.
We show in Section 4 that every weakly purely infinite Cg-algebra, that
is either simple, approximately divisible, or has real rank zero, is purely
infinite. In Section 6 we show that every purely infinite Cg-algebra of real
rank zero is strongly purely infinite. In particular, each simple purely infi-
nite Cg-algebra is strongly purely infinite. We also show that each approx-
imately divisible, purely infinite Cg-algebra is strongly purely infinite.
A more detailed summary of the main results of this paper is given in
Section 9. This section also contains a list of open problems related to this
article.
The main result on O.-absorption is obtained via a local Weyl—von
Neumann theorem (Theorem 7.21) which says that every approximately
inner, completely positive map from a nuclear sub-Cg-algebra of a strongly
purely infinite Cg-algebra can be approximated by 1-step inner completely
positive maps. Most of Section 7 is devoted to the proof of that result.
2. PRELIMINARIES
This section has two subsections containing some background material
that will be used frequently throughout this paper.
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Cuntz Comparison
The various notions of pure infiniteness we shall consider are defined in
terms of comparison theory for positive elements in a Cg-algebra. This
theory, invented by Cuntz in [5], generalizes the comparison theory for
projections in a von Neumann algebra. The reader is referred to [2, 16, 20]
for more information about Cuntz’ comparison theory.
Definition 2.1 (Cuntz Comparison). Let A be a Cg-algebra and let a, b
be positive elements in A. Write ag b if there is a sequence {xk}.k=1 of
elements in A such that xgkbxk Q a. Write a % b if ag b and bg a, and
write a ’ b if a=xgx and b=xxg for some x in A.
More generally, if a inMn(A) and b inMm(A) are positive matrices, then
write ag b if xgkbxk Q a for some sequence {xk}.k=1 of rectangular matrices
inMm, n(A), and let a % b and a ’ b have similar meanings as above.
With a inMn(A) and b inMm(A) one has a % b if a ’ b (but not conver-
sely). Let a À b denote the element diag(a, b) in Mn+m(A), and let a é 1n
denote the n-fold direct sum a À a À · · · À a.
To each positive element a in a Cg-algebra A and for each e \ 0 define
(a− e)+ to be the positive part of the self-adjoint element a− e · 1 in the
unitization of A. We remark that (a− e)+ actually belongs to A and that
(a− e)+=he(a), where he: R+Q R+ is the continuous function given by
he(t)=max{t− e, 0}. Note also the frequently used facts,
(a− e1− e2)+=((a− e1)+− e2)+, ||(a− e)+−a|| [ e, (2.1)
that hold for all a in A+ and all e, e1, e2 \ 0.
The Polar Decomposition. Every element x in a Cg-algebra A has a
polar decomposition x=u(xgx)1/2, where u is a partial isometry in the
enveloping von Neumann algebra Agg. One also writes |x| for (xgx)1/2. One
has x=u |x|=|xg| u. For all elements y in the hereditary sub-Cg-algebra
xgAx, the elements uy, yug, and uyug belong to A. The mapping yW uyug
defines an isomorphism from xgAx onto xAxg.
Lemma 2.2. Let A be a Cg-algebra, let a, b be positive elements in A, and
let e > ||a−b|| be given. Then there is a contraction d in A such that
dbdg=(a− e)+.
Proof. For each r > 1 define gr: R+Q R+ by gr(t)=min{t, t r}. Observe
that gr(b)Q b as rQ 1. Choose r > 1 such that (e1=) ||a−gr(b)|| < e and
set b0=gr(b). Then b0 [ b, b0 [ b r, and a− e1 [ b0. Find a positive con-
traction e in Cg(a) with e(a− e1) e=(a− e)+. Then (a− e)+ [ eb0e. Put
x=b1/20 e and let x=v(x
gx)1/2 be the polar decomposition for x, where v is
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a partial isometry in Agg. As (a− e)+ [ eb0e=xgx, the element y=
v(a− e)1/2+ belongs to A, y
gy=(a− e)+, and
yyg=v(a− e)+ vg [ vxgxvg=xxg=b1/20 e2b1/20 [ b0.
As in the proof of [18, Proposition 1.4.5], put dn=yg(
1
n+b
r)−1/2 b (r−1)/2.
Because yyg [ b0 [ b r, [18, Lemma 1.4.4] applies (with a=1 and b=
(r−1)/r) and shows that {dn}
.
n=1 is a Cauchy sequence in A. Let d be the
limit of this Cauchy sequence. As in the proof of [18, Proposition 1.4.5],
we have db1/2=yg, so that dbdg=ygy=(a− e)+. Since yyg [ b0 [ b we get
dgndn [ b (r−1)/2 11n+br2−1/2 b 11n+br2−1/2 b (r−1)/2 [ 1.
Hence ||dn || [ 1 for each n which entails that d is a contraction. L
Lemma 2.3 [20, Proposition 2.4]. Let A be a Cg-algebra and let a, b be
positive elements in A. The following conditions are equivalent:
(i) ag b,
(ii) (a− e)+g b for all e > 0,
(iii) for every e > 0 there is d > 0 and x in A such that xg(b−d)+ x=
(a− e)+.
(iv) for every e > 0 there is x in A such that xgx=(a− e)+ and xxg
belongs to bAb.
In particular, if a is a positive element in the hereditary sub-Cg-algebra
bAb, then ag b.
Lemma 2.4. Let a, b be positive elements in a Cg-algebra A and let d > 0.
(i) If a=xg(b−d)+ x for some x in A, then a=ygby for some y in A
with ||y|| [ d−1/2 ||a||1/2.
(ii) If ag (b−d)+, then for each r > 1 there exists y in A with
a=ygby and with ||y|| [ rd−1/2 ||a||1/2.
(iii) If a [ b, then for each e > 0 there is a contraction d in A with
dgbd=(a− e)+.
Proof. We shall need some functions in the proof. For d > 0 and for a
in the interval [0, 1/2] define fd, a, gd: R+Q R+ by
fd, a(t)=˛=(t−d)2at , t \ d
0, t < d,
gd(t)=˛1/t, t \ d
d−2t, t < d,
(2.2)
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and put fd=fd, 1/2. Then
tfd, a(t)2=(t−d)
2a
+ , fd(t)
2=(t−d)+ gd(t).
(i) Put y=fd(b) x. Then
ygby=xgbfd(b)2 x=xg(b−d)+ x=a,
ygy=xgfd(b)2 x [ ||gd(b)|| xg(b−d)+ x [ d−1a.
The latter inequality yields the desired norm estimate for y.
(ii) Choose d0 > 0 such that d0 < d and d
−1/2
0 [ rd−1/2. If ag (b−d)+,
then a=xg(b−d0)+ x for some x in A by Lemma 2.3(iii) and (2.1). Hence
a=ygby for some y in A with ||y|| [ d−1/20 ||a||1/2 [ rd−1/2 ||a||1/2 by (i).
(iii) The system {fd(b)}d > 0 is an approximate unit for bAb, and so
we can choose d > 0 with ||fd(b) afd(b)−a|| < e. Observe that
lim
aQ 1/2−
||fd, a(b)||=||fd(b)||=((||b||−d)+/||b||)1/2 < 1.
We can therefore choose a ¥ [0, 1/2) such that ||a||1/2−a×||fd, a(b)|| [ 1. Put
y=fd, a(b), so that ygby=(b−d)
2a
+ . By Lemma 2.2 there is a contraction t
in A such that (a− e)+=tgfd(b) afd(b) t. We have
fd(b) afd(b) [ fd(b) bfd(b)=(b−d)+.
Use [18, Proposition 1.4.5] to find u in A with ug(b−d)2a+ u=fd(b) afd(b)
and ||u|| [ ||a||1/2−a. Put d=yut. Then ||d|| [ ||y|| ||u|| ||t|| [ 1 and dgbd=
(a− e)+. L
The proof of Lemma 2.4(iii) actually yields an element d in A of norm
slightly less than 1 with dgbd=(a− e)+.
Limit Algebras
A filter on a set W is an upwards directed collection of subsets of W
which is closed under finite intersections. To each filter w on N and to each
Cg-algebra A one defines the Cg-algebra Aw to be the quotient a.(A)/
cw(A), where cw(A) is the closed two-sided ideal in a.(A) consisting of
those sequences a={an}
.
n=1 for which limw ||an ||=0. Recall that limw an=a
if for each e > 0 there is a subset X in w such that |a−an | < e for all n
in X. (One also uses the symbol limnQ w an to express the limit limw an.) The
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quotient mapping a.(A)Q Aw is denoted by pw. For each (bounded) sequence
{an}
.
n=1 of real numbers, define
lim sup
w
an=lim sup
nQ w
an=
def inf
X ¥ w
sup
n ¥X
an,
and recall that ||pw(a)||=lim supw ||an ||.
There is a canonical embedding of A into Aw given by aW pw(a, a, ...).
We shall often view A as a sub-Cg-algebra of Aw using this embedding
implicitly.
A filter w on N is called free if it contains all cofinite subsets of N, and w
is called an ultrafilter if it is a maximal filter. Each filter is contained in an
ultrafilter. The set of all cofinite subsets of N is a free filter, and any ultra-
filter containing this filter is a free ultrafilter. If w contains a finite set, then
w is not free and there is a finite subset X0={n1, ..., nk} of N such that w
is the collection of all subsets of N containing X0. In this case, Aw=
A À A À · · · À A (with k summands), and pw(a1, a2, ...)=(an1 , ..., ank ).
There are filters on N that neither are free nor contain a finite set.
Lemma 2.5. Let A be a Cg-algebra and let w be a free filter on N. Let
{pi}i ¥ I be a finite or countably infinite family of polynomials over Aw in two
non-commuting variables (cf. the examples below). Suppose for some finite
constant C there is a sequence {dn}
.
n=1 of elements in Aw such that ||dn || [ C
for all n in N and
lim
nQ.
||pi(dn, d
g
n )||=0
for all i ¥ I. Then there is d in Aw such that ||d|| [ C and pi(d, dg)=0 for all
i ¥ I.
We shall typically apply the lemma in situations where the polynomials
pi are of the form
p1(d, dg)=dgad−b, p2(d, dg)=[dgad, b], p3(d, dg)=[dgad, dgbd]
for some a, b in A.
Proof. Each coefficient of each pi is an element in Aw. Upon lifting
each such coefficient to an element (of the same norm) in a.(A) we obtain
a sequence {pi, n}
.
n=1 of polynomials over A in two non-commuting
variables such that {pi, n(en, e
g
n )}
.
n=1 is a bounded sequence for each
bounded sequence {en}
.
n=1 in A, and such that
pi(e, eg)=pw(pi, 1(e1, e
g
1 ), pi, 2(e2, e
g
2 ), pi, 3(e3, e
g
3 ), ...)
when e=pw(e1, e2, e2, ...).
Observe that ||pi(e, eg)||=lim supnQ. ||pi, n(en, e
g
n )||.
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Write I as an increasing union of finite subsets {Ik}
.
k=1 of I. For each k
find dk in Aw such that ||dk || [ C and ||pi(dk, dgk )|| < 1/k for all i in Ik. Write
dk=pw(dk, 1, dk, 2, dk, 3, ...), where each dk, n is an element in A with
||dk, n || [ C. Then
lim sup
nQ.
||pi, n(dk, n, d
g
k, n)|| < 1/k, k ¥N, i ¥ Ik.
For each k find Yk in w such that
||pi, n(dk, n, d
g
k, n)|| < 1/k, n ¥ Yk, i ¥ Ik. (2.3)
Define Xk ¥ w inductively by setting X1=Y1, and
Xk=Yk 5Xk−1 5 (N0{1, 2, ..., k})
for k \ 2. (The set N0{1, 2, ..., k} belongs to w by the assumption that w is
free.) Then (2.3) holds for all n in Xk and for all i in Ik, the sequence
{Xk}
.
k=1 is decreasing and 4.k=1 Xk=”. We can now write N as a disjoint
union:
N=(N0X1) 2 (X·1 0X2) 2 (X2 0X3) 2 · · · .
Let {en}
.
n=1 in a.(A) be given by
en=˛0, if n ¥N0X1,d1, n, if n ¥X1 0X2,d2, n, if n ¥X2 0X3,
x x
and put d=pw(e1, e2, e3, ...) in Aw. Then ||pi, n(en, e
g
n )|| [ 1/k for all n in Xk
and for all i in Ik. Hence ||pi(d, dg)|| [ 1/k for all i in Ik. This holds for all
k, and so pi(d, dg)=0 for all i in I as desired. L
3. PURELY INFINITE Cg-ALGEBRAS
We give here a brief review of some of the results on purely infinite
Cg-algebras from [16].
Definition 3.1 (Properly Infinite Elements). A positive element a in a
Cg-algebra A is said to be properly infinite if a is non-zero and a À ag a.
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The condition a À ag a means by definition that there is a sequence
{dn}
.
n=1 of elements inM2(A) such that
>dgn 1a0 002 dn−1a0 0a2>Q 0. (3.1)
We note as a side remark that if there is a sequence {dn} such that (3.1)
holds for all a in A, and if A is separable, then A is isomorphic to A é O.
by Proposition 8.4. (See also Proposition 7.8.)
Some properties of properly infinite elements, established in [16, Propo-
sition 3.3], include:
Lemma 3.2. The following conditions are equivalent when a is a non-zero
positive element in a Cg-algebra A:
(i) a is properly infinite.
(ii) For each e > 0 there are positive elements a1, a2 in aAa such that
a1a2=0 and (a− e)+g aj for j=1, 2.
(iii) For each natural number n and for each e > 0 there are elements
d1, ..., dn in aAa such that d
g
j adi=dij(a− e)+.
The property that an element in a Cg-algebra is properly infinite depends
on the Cg-algebra to which the element belongs. However, as follows
readily from Lemma 3.2(iii), if a is a positive element in a hereditary sub-
Cg-algebra B of a Cg-algebra A, and if a is properly infinite relative to A,
then a is also properly infinite relative to B.
In the spirit of comparison theory for projections, a positive element a is
called infinite if a À bg a for some non-zero positive element b in A ; cf.
Definition 2.1.
If j : AQ B is a g-homomorphism between Cg-algebras A and B, and if a
is a properly infinite element in A, then j(a) is properly infinite if non-zero.
Moreover, a positive element a is properly infinite if and only if j(a) is
either infinite or zero for every g-homomorphism j on A ; cf. [16, Proposi-
tion 3.14].
If a is a properly infinite element in A, then bg a for each positive
element b in the closed two-sided ideal, AaA, generated by a ; cf. [16, Pro-
position 3.5].
The set of properly infinite positive elements in a Cg-algebra A is not
always a closed subset of A+0{0}. For example, no finite rank projection
on a Hilbert space H is properly infinite, but each positive element in B(H)
can be approximated in norm by properly infinite positive elements in
B(H) (if T is a positive operator on H, then T+n−1I is properly infinite for
all n ¥N). However, we have the following (weaker) approximation lemma:
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Lemma 3.3. Let a be a positive element in a Cg-algebra A and suppose
that for each e > 0 there is a properly infinite element b in A with ||a−b|| < e
and bg a. Then a is properly infinite.
Proof. For each e > 0 choose be such that ||a−be || < e and be g a.
By Lemma 2.2 we have (a− e)+ À (a− e)+g be À be g be g a, which by
Lemma 2.3(ii) implies that a is properly infinite. L
Definition 3.4 (Purely Infinite Cg-algebras). A Cg-algebra A is said to
be purely infinite if A has no non-zero abelian quotients and if for each pair
of positive elements a, b in A such that a belongs to AbA, the closed two-
sided ideal generated by b, we have ag b.
It is shown in [16, Theorem 4.16] that A is purely infinite if and only if
each non-zero positive element in A is properly infinite. Other facts about
purely infinite Cg-algebras, proved in [16], include:
Proposition 3.5 (Permanence Properties). (i) For each short exact
sequence 0Q IQ AQ BQ 0 one has that A is purely infinite if and only if I
and B are purely infinite.
(ii) If A and B are stably isomorphic and if A is purely infinite, then so
is B.
(iii) Each hereditary sub-Cg-algebra of a purely infinite Cg-algebra is
purely infinite.
(iv) If A is a purely infinite Cg-algebra and if w is a free filter on N,
then Aw is purely infinite.
(v) Any inductive limit of a system of purely infinite Cg-algebras is
purely infinite.
(vi) A é O. is purely infinite for every Cg-algebra A.
A simple Cg-algebra is purely infinite if and only if each of its non-zero
hereditary sub-Cg-algebras contains an infinite projection, in agreement
with Cuntz’ original definition in [6].
4. WEAKLY PURELY INFINITE Cg-ALGEBRAS
One motivation for introducing the notion of weakly purely infinite
Cg-algebras is found in [16, Theorem 5.9] which says that an approxi-
mately divisible Cg-algebra is purely infinite if and only if it is traceless.
(The notions of being approximately divisible and traceless are defined
below.) We shall here characterize tracelessness in terms of being weakly
purely infinite (without assuming approximate divisibility).
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Definition 4.1 (Approximate Divisibility). A Cg-algebra A is said to
be approximately divisible if for every natural number n, for every finite
subset F of A, and for every e > 0 there is a unital g-homomorphism
j : Mn(C) ÀMn+1(C)QM(A), whereM(A) denotes the multiplier algebra
of A, such that
||j(x) a−aj(x)|| [ e ||x||
for all a in F and all x inMn(C) ÀMn+1(C).
As remarked in [16, Lemma 5.6], if A is approximately divisible and if B
is any Cg-algebra, then A é B is approximately divisible (where é is any
tensor product). As O. is approximately divisible (a consequence of [15],
see also Corollary 8.3) we find that A é O. is approximately divisible for
every Cg-algebra A.
Definition 4.2 (Traceless Cg-Algebras). A Cg-algebra A will be called
traceless if no algebraic ideal of A admits a non-zero quasitrace.4
4 By a quasitrace we shall always mean a lower semi-continuous, positive 2-quasitrace. A
2-quasitrace on a Cg-algebra A is a quasitrace that extends (not necessarily in the obvious
way) to a quasitrace on M2(A). Haagerup proved in [11] that each quasitrace on a unital,
exact Cg-algebra extends to a trace (and the first named author has extended this result to non-
unital, exact Cg-algebras in [14]). Thus an exact Cg-algebra A is traceless if and only if no
algebraic ideal of A admits a non-zero trace.
There is a one-to-one correspondence between quasitraces and lower
semi-continuous dimension functions (established by Blackadar and
Handelman in [3]), and so being traceless is the same as having no non-
zero lower semi-continuous dimension functions; cf. [16, Theorem 5.9].
The Cg-algebra B(H) of all bounded operators on an infinite dimen-
sional Hilbert space H is not traceless, since it has a non-zero trace defined
on the trace class operators on H. We do not require our traces (or quasi-
traces) to be bounded.
Definition 4.3 (Weakly Purely Infinite Cg-Algebras). A Cg-algebra A
will be said to have property pi-n if the n-fold direct sum a À a À · · · À a=
a é 1n is properly infinite (cf. Definition 3.1) for every non-zero positive
element a in A. If A is pi-n for some n, then we shall call A weakly purely
infinite.
By [16, Theorem 4.16], a Cg-algebra is pi-1 if and only if it is purely
infinite. By definition, a é 1n is properly infinite if and only if a é 12n g
a é 1n.
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Lemma 4.4. Let a be a non-zero positive element in a Cg-algebra A and
let n be a natural number. The following conditions are equivalent:
(i) a é 1n is properly infinite,
(ii) a é 1m g a é 1n for all natural numbers m,
(iii) a é 1m g a é 1r for all natural numbers r, m with r \ n,
(iv) a é 1n+1 g a é 1n,
(v) for each e > 0 and for each m in N there is x inMm, n(A) such that
xgx belongs toMn(aAa) and xxg=(a− e)+ é 1m.
Proof. The implications (iii)S (ii)S (i)S (iv) are trivial, and (ii) and
(v) are equivalent by Lemma 2.3. Assume that (iv) holds. Then
a é 1k+1=(a é 1n+1) À (a é 1k−n)g (a é 1n) À (a é 1k−n)=a é 1k
for all k \ n. By transitivity of the relation g and by induction we obtain
(iii). L
Proposition 4.5 (Permanence Properties). (i) If A is pi-n, then A is
pi-m for every m \ n.
(ii) Every hereditary sub-Cg-algebra of a pi-n Cg-algebra is pi-n.
(iii) Every non-zero quotient of a pi-n Cg-algebra is again pi-n.
(iv) Let 0Q IQ AQ BQ 0 be a short exact sequence. If I is pi-n and
B is pi-m, then A is pi-(n+m).
(v) If A is an inductive limit of a system of Cg-algebras, each of which
is pi-n for the same n, then A is pi-n.
(vi) If A and B are stably isomorphic Cg-algebras and if A is pi-n, then
B is pi-n2.
By (iv), an extension of two weakly purely infinite Cg-algebras is again
weakly purely infinite. The given estimate on the degree of pure infiniteness
is not optimal (cf. Proposition 3.5(i)), but it suffices for our purposes.
Proof. (i) This follows from Lemma 4.4.
(ii) This follows from the remark below Lemma 3.2 that being
properly infinite is preserved when passing to hereditary sub-Cg-algebras.
(iii) This follows from the fact, remarked below Lemma 3.2, that a
non-zero image under a g-homomorphism of a properly infinite element is
again properly infinite.
(iv) Let a be a non-zero positive element in A and let e > 0 be given.
View I as an ideal of A and let p denote the quotient mapping AQ B. If a
belongs to I, then a é 1n is properly infinite because I is pi-n.
206 KIRCHBERG AND RØRDAM
Assume now that p(a) is non-zero. Then p(a) é 1m is properly infinite
in Mm(B). By Lemma 3.2 we can find positive elements b1, b2 in
Mm(p(a) Bp(a)) such that b1b2=0 and p((a− e/3)+) é 1m g bj for
j=1, 2. Since p((a− e/3)+) é 1m is properly infinite we also have
p((a− e/3)+) é 1m+n g bj, j=1, 2.
Lift b1, b2 to mutually orthogonal, positive elements a1, a2 in Mm(aAa).
There are elements c −1, c
−
2 in Mm+n(aIa)
+ such that (a− e/2)+ é 1m+n g
aj À c −j for j=1, 2; cf. [16, Lemma 4.12]. There is d > 0 such that
(a− e)+ é 1m+n g (aj−d)+ À (c −j−d)+g aj À (c −j−d)+, j=1, 2;
(4.1)
cf. Lemma 2.3. We show next that there are positive elements c1, c2 in
Mn(aIa) such that c1c2=0 and (c
−
j−d)+g cj. Find a positive element c0
in aIa and g > 0 such that (c −1−d)+ and (c
−
2−d)+ belong to
Mm+n(I(c0−g)+ I). Since I is pi-n, (c0−g)+ é 1n is properly infinite, and
so (c −j−d)+g (c0−g)+ é 1n. Because c0 é 1n also is properly infinite we
can use Lemma 3.2 to find c1, c2 in the hereditary sub-Cg-algebra ofMn(I)
generated by c0 é 1n such that c1c2=0 and (c0−g)+ é 1n g cj for j=1, 2.
Notice that c1, c2 belong to Mn(aAa). Hence dj=diag(aj, cj) belongs to
Mm+n(aAa), d1d2=0, and
(a− e)+ é 1m+n g aj À (c −j−d)+g aj À cj=dj.
It now follows from Lemma 3.2 that a é 1m+n is properly infinite, and this
proves (iv).
(v) Assume that A is the inductive limit of a system {Ai}i ¥ I of
Cg-algebras each of which is pi-n. By (iii) we can assume that each map
Ai Q A is an inclusion mapping (so that A is the closure of the directed
union of the algebras Ai). Let a be a non-zero positive element in A and let
e > 0 be given. Use [16, Lemma 2.5] to find i in I and a non-zero positive
element b in Ai such that (a− e)+g bg a. Then
(a− e)+ é 1n+1 g b é 1n+1 g b é 1n g a é 1n.
Since this holds for all e > 0, we get a é 1n+1 g a é 1n, and so A is pi-n.
(vi) By (ii) and (v) it suffices to show that if A is pi-n, then Mk(A) is
pi-n2 for all natural numbers k.
We show first that b é 1n2 is properly infinite for every non-zero positive
element b in Mn(A). Indeed, let bij ¥ A be the matrix entries of b. Then
bii g bg b11 À · · · À bnn for i=1, ..., n (see Lemma 5.3 below) and by
Lemma 4.4 this implies
b é 1n2+1 g (b11 À · · · À bnn) é 1n2+1 g (b11 À · · · À bnn) é 1n g b é 1n2.
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Take now a non-zero positive matrix a in Mk(A) and let e > 0 be given.
Choose e1 > 0 such that if ||a−c|| < e1, then ||(a− e/2)+−(c− e/2)+|| < e/2
and ||a−c|| < e/2. Hence, if ||a−c|| < e1, then (a− e)+g (c− e/2)+g a by
Lemma 2.2. Find a positive contraction e in A and d > 0 such that
||a−a1/2((e−d+) é 1k) a1/2|| < e1.
Since e é 1n is properly infinite there is an element d in Mn, k(A) such that
dg(e é 1n) d=(e−d)+ é 1k. With t=(e1/2 é 1n) da1/2 in Mn, k(A) we have
||a− tgt|| < e1 and ttg (=b) is an element inMn(A)+. Now (ttg− e/2)+ é 1n2,
and hence (tgt− e/2)+ é 1n2, are properly infinite by the first part of the
proof. By the choice of e1 we therefore get
(a− e)+ é 1n2+1 g (tgt− e/2)+ é 1n2+1 g (tgt− e/2)+ é 1n2 g a é 1n2.
As e > 0 was arbitrary, this proves that a é 1n2 is properly infinite. L
Proposition 4.6. The following conditions are equivalent for every
Cg-algebra A:
(i) A is pi-n.
(ii) a.(A) is pi-n.
(iii) Aw is pi-n for every filter w on N.
(iv) Aw is pi-n for some filter w on N.
Proof. (i)S (ii). Let a=(a1, a2, ...) be a non-zero positive element in
a.(A) and let e > 0 be given. We show that a é 1n is properly infinite. It is
no loss of generality to assume that ||a||=1. Since A is pi-n, (ak− e)+ é
1n+1 g (ak− e)+ é 1n, and hence (ak− e)+ é 1n+1=xgk (ak é 1n) xk for some
xk in Mn, n+1(A) with ||xk || [ 2e−1/2 ; cf. Lemma 2.4(ii). It follows that
x=(x1, x2, ...) belongs to a.(A) and that (a− e)+ é 1n+1=xg(a é 1n) x.
Since this holds for all e > 0 we get a é 1n+1 g a é 1n. Hence a é 1n is
properly infinite, and (ii) must hold.
(ii)S (iii). This follows from Proposition 4.5(iii); and (iii)S (iv) is
trivial.
(iv)S (i). Let a be a non-zero positive element in A and let e > 0. Since
Aw is pi-n there is x=pw(x1, x2, ...) inMn, n+1(Aw) such that xg(a é 1n) x=
(a− e/2)+ é 1n+1. Each xk belongs toMn, n+1(A) and
lim sup
w
||xgk (a é 1n) xk−(a− e/2)+ é 1n+1 ||=0.
Hence ||xgk (a é 1n) xk−(a− e/2)+ é 1n+1 || < e/2 for some k. By Lemma 2.2
this entails that (a− e)+ é 1n+1 g a é 1n. Since e > 0 was arbitrary we
conclude that a é 1n+1 g a é 1n, and so A is pi-n. L
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Lemma 4.7. Let A be a Cg-algebra which is pi-n. Then for each pair of
positive elements a, b in A, where a belongs to AbA, and for each e > 0 there
are elements x1, ..., xn in A such that
C
n
j=1
xgj bxj=(a− e)+.
Proof. Let e > 0 be given. By [16, Proposition 2.7(v)] there is a natural
number k such that (a− e/2)+g b é 1k. By Lemma 4.4, b é 1k g b é 1n,
and so (a− e/2)+g b é 1n. It follows that (a− e)+=xg(b é 1n) x for some
x in Mn, 1(A). With x1, ..., xn being the entries of x, we obtain the desired
identity. L
Theorem 4.8. Let A be a Cg-algebra.
(i) For each free filter w on N the following three conditions are
equivalent:
(a) Aw is traceless;
(b) Aw is weakly purely infinite;
(c) A is weakly purely infinite.
(ii) If A is weakly purely infinite, then A is traceless.
Proof. (ii) If A is weakly purely infinite, then A is pi-n for some n.
Arguing as in the proof of [16, Proposition 5.1] we see that A admits no
non-zero dimension function, and hence no quasitrace: Indeed, if d were a
dimension function with domain I (an algebraic ideal of A) and if a is a
non-zero positive element in I, then a é 1n is properly infinite, and hence
a é 1n+1 g a é 1n. This implies (n+1) d(a) [ nd(a), and so d(a)=0.
(i) (c)S (b) follows from Proposition 4.6, and (b)S (a) follows from
(ii). We proceed to prove (a)S (c). We do so indirectly by assuming that A
is not weakly purely infinite. We construct below a positive element a in Aw
which satisfies
((a−1/4)+ À (a−1/4)+) é 1k ^ g a é 1k (4.2)
for all natural numbers k. It then follows from [16, Proposition 5.7] that
Aw admits a non-zero lower semi-continuous dimension functions, and
hence that A is not traceless.
For each natural number k there is a positive contraction ak in A such
that
((ak−1/2)+ À (ak−1/2)+) é 1m ^ g ak é 1m, m=1, 2, ..., k. (4.3)
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To see this, find for each k a non-zero positive element bk in A such that
bk é 1k is not properly infinite. Then bk é 1m is not properly infinite for
m=1, 2, ..., k ; cf. Lemma 4.4. Hence bk é 12m ^ g bk é 1m for m [ k. By
Lemma 2.3, (bk− em)+ é 12m ^ g bk é 1m for some em > 0. Taking e to be the
minimum of e1, ..., ek we can assume that em=e for each m. Define
h: R+Q R+ to be h(t)=min{t/(2e), 1}, and set ak=h(bk). Then ak is a
positive contraction in A, (bk− e)+ % (ak−1/2)+, and ak % bk (see Defini-
tion 2.1). This shows that (4.3) holds.
Set a=pw(a1, a2, ...), where pw: a.(A)Q Aw is the quotient mapping.
We proceed to show that (4.2) holds. Assume the contrary. Then
(a−1/4)+ é 12k g a é 1k for some natural number k, and so
||xg(a é 1k) x−(a−1/4)+ é 12k || < 1/4
for some x inMk, 2k(Aw). Write x=pw(x1, x2, ...). Then
lim sup
nQ w
||xgn (an é 1k) xn−(an−1/4)+ é 12k || < 1/4.
Because w is a free filter there is an infinite subset X of N such that
||xgn (an é 1k) xn−(an−1/4)+ é 12k || < 1/4, n ¥X.
Use Lemma 2.2 to deduce that (an−1/2)+ é 12k g an é 1k for all n in X.
Because X is infinite it contains an element n \ k. But this contradicts
(4.3). L
It is not known if the sum of two properly infinite elements is again
properly infinite. We do however have the following weaker result.
Lemma 4.9. Let a1, ..., an be properly infinite elements in a Cg-algebra
A, and put a=a1+a2+·· ·+an. Then:
(i) a é 1n is properly infinite,
(ii) and if a1, ..., an are mutually orthogonal, then a is properly infinite.
Proof. (i) This follows from the relations
a é 12n g (a1 À a2 À · · · À an) é 12n g (a1 À a2 À · · · À an)g a é 1n.
(ii) This follows from [16, Lemma 3.9]. L
The next lemma is used in the proof of Proposition 4.11 which says that
the multiplier algebra of a weakly purely infinite Cg-algebra is weakly
purely infinite. The proof of the lemma uses a technique of Elliott from
[9].
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Lemma 4.10. Let A be a s-unital weakly purely infinite Cg-algebra, let T
be a positive element in M(A), and let e > 0. Then there is an increasing,
countable, approximate unit {en}
.
n=1 for A consisting of positive contractions
satisfying en+1en=en and e0=0, such that
T=a+C
.
n=1
f1/22n−1Tf
1/2
2n−1+C
.
n=1
f1/22n Tf
1/2
2n , fn=en−en−1, (4.4)
where a is a (not necessarily positive) element in A with ||a|| [ e.
We have fn + fm whenever |n−m| \ 2, so the summands in the two
(strictly convergent) sums in (4.4) are mutually orthogonal elements in A.
Proof. Take a countable approximate unit {en}
.
n=1 for A consisting of
positive contractions satisfying en+1en=en and ||enT−Ten ||Q 0; cf. [18,
Theorem 3.12.14]. Upon passing to a subsequence of {en}
.
n=1 we may
assume that
C
.
n=1
||(en−en−1)1/2 T−T(en−en−1)1/2|| < e (4.5)
(where e0=0.) Put fn=en−en−1, so that 1=;.n=1 fn (the sum is strictly
convergent). Then
a=T− C
.
n=1
f1/2n Tf
1/2
n =C
.
n=1
Tfn− C
.
n=1
f1/2n Tf
1/2
n =C
.
n=1
(Tf1/2n −f
1/2
n T) f
1/2
n .
By (4.5) we have ||a|| [;.n=1 ||Tf1/2n −f1/2n T|| < e, and because a is a norm
convergent sum of elements from A we conclude that a belongs to A. L
Proposition 4.11. Let A be a s-unital, weakly purely infinite Cg-algebra.
Then its multiplier algebraM(A) is weakly purely infinite.
Proof. Assume that A is pi-r.
We show first that if {en}
.
n=1 is an approximate unit as in Lemma 4.10
and if R is non-zero and given by a (strictly convergent) sum R=;.k=1 ak,
where a1, a2, ... is a bounded sequence of positive, mutually orthogonal
elements of A such that ak + ek−1 for all k, then R é 1r is properly infinite.
Let e > 0 be given. Since A is pi-r there are elements xk in Mr, 2r(A) such
that xgkxk=(ak− e)+ é 12r and xkxgk ¥Mr(akAak); cf. Lemma 4.4. Now,
||xk ||=||(ak− e)+||1/2 which shows that the sequence {xk}
.
k=1 is norm-
bounded. The (i, j)th entry, xk(i, j), of xk belongs to akAak, and so
xk(i, j) + ek−1. It follows that X(i, j)=;.k=1 xk(i, j) is strictly convergent
in M(A). The resulting matrix X in Mr, 2r(M(A)), whose (i, j)th entry is
X(i, j), satisfies XgX=(R− e)+ é 12r and XXg ¥Mr(RM(A) R). Since
e > 0 was arbitrary, we conclude that R é 12r g R é 1r; cf. Lemma 2.3.
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The argument above and Lemma 4.10 show that each positive element T
in M(A) can be written as T=a+T1+T2, where T1, T2 are positive ele-
ments in M(A), T1 é 1r and T2 é 1r are properly infinite, and a belongs to
A. With p :M(A)QM(A)/A being the quotient mapping we get p(T)=
p(T1)+p(T2), and p(Tj) é 1r is properly infinite (cf. the remarks below
Lemma 3.2). Hence p(T) é 12r is properly infinite by Lemma 4.9(i). This
proves thatM(A)/A is pi-2r. By Proposition 4.5 we conclude thatM(A) is
pi-3r and hence weakly purely infinite. L
We do not know if the multiplier algebra of a purely infinite Cg-algebra
is again purely infinite.
We end this section by discussing a sufficient condition under which one
can deduce pure infiniteness from weak pure infiniteness.
It is a consequence of a lemma by Glimm that if n is a natural number
and if A is a Cg-algebra that admits an irreducible representation on a
Hilbert space of dimension at least n, then there is a non-zero g-homo-
morphism fromMn(C0((0, 1])) into A (see [16, Proposition 4.10]).
Definition 4.12 (The Global Glimm Property). A Cg-algebra A is said
to have the global Glimm property if for each natural number n, for each
positive element a in A, and for each e > 0 there is a g-homomorphism
j : Mn(C0((0, 1]))Q aAa such that (a− e)+ belongs to the closed two-sided
ideal of A generated by the image of j.
Equivalently, A has the global Glimm property if for each positive
element a in A, for each e > 0, and for each natural number n there are
mutually orthogonal elements t1, ..., tn in aAa such that t1 ’ t2 ’ · · · ’ tn
(cf. Definition 2.1) and such that (a− e)+ belongs to the closed two-sided
ideal generated by t=t1+·· ·+tn.
Lemma 4.13. Let a be a positive element in a Cg-algebra A and suppose
that there is a full 5 g-homomorphism j : Mn(C)QM(aAa). Then there are
5 A g-homomorphism AQ B is called full if its image is not contained in a proper closed
two-sided ideal in B.
mutually orthogonal and mutually equivalent positive elements t1, ..., tn in
aAa such that a belongs to the closed two-sided ideal generated by
t=t1+·· ·+tn.
Proof. Let {eij} denote the matrix units of Mn(C). Put xj=j(ej1) a,
note that xgj xj=aj(e11) a, and put tj=xjx
g
j . Then t1, ..., tn are mutually
orthogonal and mutually equivalent positive elements in aAa. The element
aj(e11) a is full in aAa (because j(e11) is full in M(aAa)) and therefore a
belongs to the ideal generated by t=t1+·· ·+tn. L
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Lemma 4.14. Let A be a Cg-algebra such that no non-zero hereditary sub-
Cg-algebra of A has a finite dimensional representation. Then A has the
global Glimm property if A is either simple, approximately divisible, or purely
infinite.
Proof. The local version of Glimm’s lemma (see [16, Proposition 4.10])
implies the global Glimm property when A is simple.
Assume next that A is approximately divisible. Let a be a positive
element in A and let e > 0 be given. Let B denote the algebra Mn(C) À
Mn+1(C) and find a sequence of unital g-homomorphisms jk: BQM(A)
such that jk(x) a−ajk(x)Q 0 for all x ¥ B and all a ¥ A. Let m denote the
Haar measure on the compact unitary group of B and define a conditional
expectation Ek: AQ A 5 jk(B)Œ by
Ek(a)=F
U(B)
jk(u) ajk(u)g dm(u).
Then ||a−Ek(a)||Q 0. Choose k large enough so that ||a−Ek(a)|| < e/2 and
put a0=(Ek(a)− e/2)+. Then a0 is a positive element in A 5 jk(B)Œ and
||a−a0 || < e. By Lemma 2.2 there are elements d, e in A such that a0=dgad
and (a− e)+=ega0e. Put a1=a1/2ddga1/2. There is an isomorphism
a : a0Aa0 Q a1Aa1 ı aAa
such that a(a0)=a1 (see [16, Lemma 2.4]). Being equivalent, a0 and a1
generate the same closed two-sided ideal of A, and (a− e)+ belongs to this
ideal.
The canonical isomorphism b : B é C(sp(a0))Q Cg(jk(B), a0) restricts
to a g-homomorphism
b0: B é C0(sp(a0)0{0})Q a0Aa0,
and a0=b0(1é i), where i in C0(sp(a0)0{0}) is given by i(t)=t. Take a full
g-homomorphism Mn(C)Q B, a surjective g-homomorphism C0((0, 1])Q
C0(sp(a0)0{0}), and obtain in this way a full g-homomorphism
Mn(C0((0, 1]))=Mn(C) é C0((0, 1])Q B é C0(sp(a0)0{0})Q a0Aa0,
the image of which generates an ideal of A that contains a0 and therefore
(a− e)+.
Suppose finally that A is purely infinite. Let a be a positive element in A
and let e > 0 and n in N be given. By Lemma 2.3 there is d inM1, n(A) such
that dgad=(a− e)+ é 1n. Write d=(d1, d2, ..., dn). Then dgi adj=dij(a− e)+
for all i, j. Put tj=a1/2djd
g
j a
1/2. Then t1, ..., tn are mutually orthogonal
elements in aAa each equivalent to (a− e)+, and this shows that A has the
global Glimm property. L
Proposition 4.15. A weakly purely infinite Cg-algebra is purely infinite
if and only if it has the global Glimm property.
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Proof. The ‘‘only if’’ part follows from Proposition 4.14. Assume next
that A is weakly purely infinite, say pi-n, with the global Glimm property.
Let a be a non-zero positive element in A and let e > 0 be given. Then aAa
contains pairwise orthogonal and equivalent positive elements t1, t2, ..., tn
such that (a− e)+ belongs to the closed two-sided ideal generated by
t=t1+t2+·· ·+tn. Now,
t1 é 1n ’ t1 À t2 À · · · À tn ’ t1+t2+·· ·+tn=t.
Hence t is properly infinite. Since (a− e)+ belongs to the ideal generated by
t we conclude that (a− e)+g t. Conversely, tg a because t belongs to aAa
(see below Lemma 2.3). Using again that t is properly infinite, we get
(a− e)+ À (a− e)+g t À tg tg a.
Since this holds for all e > 0 we conclude that a is properly infinite. This
shows that A is purely infinite because a was arbitrary. L
Every hereditary sub-Cg-algebra and every quotient of a weakly purely
infinite is again weakly purely infinite, and no weakly purely infinite
Cg-algebra can be finite dimensional (e.g., by Theorem 4.8). Hence no
hereditary sub-Cg-algebra of a weakly purely infinite Cg-algebra admits a
finite dimensional representation. Together with Proposition 4.14 and
Lemma 4.15 this proves:
Corollary 4.16. Any weakly purely infinite Cg-algebra, which is either
simple or approximately divisible, is purely infinite.
A Cg-algebra A is said to have property (SP) (‘‘small projections’’) if
every non-zero hereditary sub-Cg-algebra of A contains a non-zero projec-
tion.
Proposition 4.17. Every non-zero projection in a weakly purely infinite
Cg-algebra with property (SP) is infinite.
Proof. Let A be a weakly purely infinite Cg-algebra with property (SP)
and let p be a non-zero projection in A. Upon replacing A with pAp (which
again is weakly purely infinite by Proposition 4.5(ii) and which has prop-
erty (SP)), it suffices to show that the unit is infinite in a unital, weakly
purely infinite Cg-algebra A with property (SP).
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Since A is weakly purely infinite it admits no finite dimensional repre-
sentations. Hence Glimm’s lemma applies (cf. [16, Proposition 4.10]), and
there is a non-zero g-homomorphism from Mn(C0((0, 1])) into A. It
follows that A contains mutually orthogonal positive elements t1, t2, ..., tn
and elements x2, ..., xn such that xjx
g
j=tj and x
g
j xj=t1. Find a non-zero
projection p1 in t1At1. Let xj=vj |xj | be the polar decomposition for xj
where vj is a partial isometry in Agg. Then uj=vj p1 belongs to A,
ugj uj=p1, and pj=uju
g
j belongs to tjAtj. In particular, p1, p2, ..., pn are
mutually orthogonal and mutually equivalent projections. Consequently,
p=p1+p2+·· ·+pn ’ p1 À p2 À · · · À pn ’ p1 é 1n
is properly infinite. As A contains a non-zero properly infinite projection,
the unit of A must be infinite. L
Proposition 4.18. Every weakly purely infinite Cg-algebra of real rank
zero is purely infinite.
Proof. We check that if B is a non-zero hereditary sub-Cg-algebra of a
quotient of a weakly purely infinite Cg-algebra A, then B contains an infi-
nite projection. By [16, Proposition 4.7], this will ensure that A is purely
infinite. By Proposition 4.5(ii), B is weakly purely infinite. Any Cg-algebra
of real rank zero has property (SP). Proposition 4.17 therefore yields that
every non-zero projection in B is infinite. L
One can relax the real rank zero condition in Proposition 4.18 to the
weaker condition that every quotient of the Cg-algebra has property (SP).
We conclude this section with some re-formulations of the open
problem, if weak pure infiniteness implies pure infiniteness:
Proposition 4.19. The following six conditions are equivalent:
(i) All weakly purely infinite Cg-algebras are purely infinite.
(ii) All non-zero projections in any weakly purely infinite Cg-algebra
are properly infinite.
(iii) All non-zero projections in any weakly purely infinite Cg-algebra
are infinite.
(iv) Every unital weakly purely infinite Cg-algebra is infinite.
(v) Every unital weakly purely infinite Cg-algebra is properly infinite.
(vi) The multiplier algebra of any s-unital weakly purely infinite
Cg-algebra is properly infinite.
Proof. The implications (ii)S (iii)S (iv) are trivial, and (v)S (vi)
follows from Proposition 4.11.
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(iv)S (v). Let A be a unital weakly purely infinite Cg-algebra. If A is not
properly infinite, then A has a non-zero finite quotient A/I (by [16,
Corollary 3.15]). But A/I is weakly purely infinite by Proposition 4.5(iii),
thus contradicting (iv).
(i)S (ii). All non-zero projections in a purely infinite Cg-algebra are
properly infinite by [16, Theorem 4.16].
(vi)S (i). Let A be a weakly purely infinite Cg-algebra. To show that A
is purely infinite it suffices to show that all non-zero positive elements a in
A are properly infinite, and this will be the case if aAa is purely infinite.
Recall from Lemma 4.5(ii) that aAa is weakly purely infinite. If (vi)
holds, thenM(aAa) is properly infinite, and so there is a full (possibly non-
unital) embedding of Mn(C) into M(aAa) for every natural number n.
Lemma 4.13 therefore implies that aAa has the global Glimm property, and
by Proposition 4.15 we conclude that aAa is purely infinite as desired. L
5. STRONGLY PURELY INFINITE Cg-ALGEBRAS
Our third notion of pure infiniteness is perhaps not very intuitive, but the
definition is still local and algebraic like the definitions of being purely
infinite and weakly purely infinite. It turns out that this notion is precisely
what is required to obtain an O.-absorption theorem (Theorem 8.6) and a
Weyl–von Neumann type result such as Theorem 7.21.
Definition 5.1. A Cg-algebra A is said to be strongly purely infinite if
for every
1a
x
xg
b
2 ¥M2(A)+
and for every e > 0 there exist d1, d2 in A such that
>1dg1
0
0
dg2
2 1a
x
xg
b
2 1d1
0
0
d2
2−1a
0
0
b
2> [ e.
The matrix diagonalization appearing in this definition can be rephrased in
a number of ways (see also Remark 5.10 below):
Lemma 5.2. For each element ( ax
x*
b ) in M2(A)
+, the following conditions
are equivalent:
(i) For each e > 0 there exist d1, d2 inM(A) such that ||d
g
1ad1−a|| [
e, ||dg2bd2−b|| [ e, and ||dg2xd1 || [ e.
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(ii) For each e > 0 there exist d1, d2 in A such that
>1dg1
0
0
dg2
2 1a
x
xg
b
2 1d1
0
0
d2
2−1a
0
0
b
2> [ e.
(iii) For each e > 0 and d > 0 there exist d1 in aAa and d2 in bAb such
that dg1ad1=(a− e)+, d
g
2bd2=(b− e)+, and ||d
g
2xd1 || [ d.
Proof. The implications (iii)S (ii)S (i) are obvious.
Assume that (i) holds. Let e > 0 and d > 0 be given and find e1, e2
in M(A) such that ||eg1ae1−a|| [ e/2, ||eg2be2−b|| [ e/2, and ||eg2xe1 || [ d/2.
Set fj=g
1/2
j ej g
1/2
j , j=1, 2, where g1 and g2 are positive contractions
(approximate units) in aAa, respectively in bAb, chosen such that
||fg1af1−a|| < e, ||f
g
2bf2−b|| < e, ||f
g
2xf1 || [ d.
By Lemma 2.2 there are contractions h1 and h2 in aAa, respectively in bAb,
such that hg1 f
g
1af1h1=(a− e)+ and h
g
2 f
g
2bf2h2=(b− e)+. We can therefore
take dj to be fjhj, i=1, 2. L
In a strongly purely infinite (or in a purely infinite) Cg-algebra A, if
a=( a11a21
a12
a22 ) is a positive element in M2(A), then diag(a11, a22)g a. The
converse holds in any Cg-algebra:
Lemma 5.3. Let A be any Cg-algebra, let n be a positive integer, and let
a=(aij) be a positive element inMn(A). Then ag diag(a11, ..., ann).
Proof. This follows from the fact that a belongs to the hereditary sub-
Cg-algebra generated by diag(a11, ..., ann) (and from the comment below
Lemma 2.3). Alternatively, the lemma can be obtained from the inequality
a [ n ·diag(a11, ..., ann). L
Proposition 5.4. Every strongly purely infinite Cg-algebra is purely
infinite.
Proof. If A is strongly purely infinite and if a is a positive element in A,
then
a À a=1a
0
0
a
2g 1a
a
a
a
2=rrg ’ rgr=2a % a
(see Definition 2.1), when r is the column matrix in M2, 1(A) with both
entries equal to a1/2. L
The following definition is convenient for the formulation of some of our
next lemmas.
Definition 5.5 (The Matrix Diagonalization Property). An n-tuple
(a1, ..., an) in a Cg-algebra A is said to have the matrix diagonalization
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property if for every positive matrix a=(aij) in Mn(A) with ajj=aj, and
for every e1 > 0, ..., en > 0 and every d > 0 there are elements d1, ..., dn in A
with
dgj ajjdj=(ajj− ej)+, ||d
g
i aijdj || [ d for i ] j. (5.1)
The norm estimate on the elements dj in the next lemma will be improved
later in Corollary 7.22, where it is shown that we can take dj, ..., dn to be
contractions if A is strongly purely infinite.
Lemma 5.6. Let a1, ..., an be positive elements in a Cg-algebra A, let
e1 > 0, ..., en > 0, and suppose that the n-tuple ((a1−re1)+, ..., (an−ren)+)
has the matrix diagonalization property for some r in (0, 1). Then for each
positive matrix a=(aij) inMn(A), with ajj=aj, and for each d > 0 there are
elements d1, ..., dn in A such that (5.1) holds and such that ||dj ||2 [
(rej)−1 ||aj ||.
Proof. Let fe: R+Q [0, 1] be the continuous function given by
fe(t)=˛`(t−re)/t, t \ re,
0, t < re.
Then
(a−re)+=fe(a)2 a \ refe(a)2
for all positive a in A. Put bij=fei (ai) aijfej (aj). Then b=(bij) is a positive
matrix in Mn(A) and bjj=(aj−rej)+. By assumption, and because rej < ej,
there are elements e1, ..., en in A such that e
g
j bjjej=(aj− ej)+ and ||e
g
i bijej || [
d for i ] j. Put dj=fej (aj) ej, so that d
g
i aijdj=e
g
i bijej. Then (5.1) holds,
and
||dj ||2=||e
g
j fej (aj)
2 ej || [
1
rej
||egj fej (aj) ajfej (aj) ej ||=
1
rej
||(aj− ej)+|| [
1
rej
||aj ||
as desired. L
Lemma 5.7. Let a1, ..., an an be positive elements in a Cg-algebra A, and
suppose that each pair ((ai−gi)+, (aj−gj)+), i ] j, has the matrix diago-
nalization property for every choice of gk \ 0. Then the n-tuple (a1, ..., an)
has the matrix diagonalization property.
Proof. The lemma is proved by induction on n. For n=2 there is
nothing to prove. Suppose that n \ 3 and that the lemma has been verified
for n−1. Let a=(aij) be a positive matrix in Mn(A) with ajj=aj, and let
ej > 0 and d > 0 be given. We find d1, ..., dn in Awith d
g
j ajjdj=(ajj− ej)+ and
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||dgi aijdi || [ d for i ] j. The proof has three steps: First we diagonalize the
lower n−1 by n−1 sub-matrix of a, then we diagonalize the resulting
upper n−1 by n−1 sub-matrix, and at the end we take care of the entries
at the positions (1, n) and (n, 1).
Take d0 > 0 and d1 > 0 (to be determined later). By the induction
hypothesis there are elements f2, ..., fn in A such that ||f
g
i aijfj || [ d0 and
fgj ajjfj=(ajj− ej/2)+for i ] j. Set f1=1 and put bij=fgi aijfj, making
b=(bij) a positive matrix in Mn(A). Use the induction hypothesis and
Lemma 5.6 (with r=1/2) to find elements g1, ..., gn−1 in A such that
||gj || [ 2e−1j ||ajj ||, ggj bjj gj=(bjj− ej/2)+, ||ggi bij gj || [ d1 for i ] j.
Set gn=1 and set cij=g
g
i bij gj. Then
cjj=˛ (ajj− ej/2)+, j=1, j=n,(ajj− ej)+, 2 [ j [ n−1,
||cij || [ ˛d1, i ] j, 1 [ i, j [ n−1,||gj || d0, i=n, 2 [ j [ n−1,
||gi || d0, j=n, 2 [ i [ n−1.
Use again the induction assumption and Lemma 5.6 (with r=1/2) to find
hi and hn in A with ||hj || [ 2e−1j ||ajj || and
||hg1 c1nhn ||=||h
g
n cn1h1 || [ d,
hgj cjjhj=(cjj− ej/2)+=(ajj− ej)+ for j=1, n,
and put hj=1 for j=2, ..., n. Then dj=fj gjhj satisfies d
g
j ajjdj=(ajj− ej)+,
and if d0 and d1 have been chosen small enough, then also ||d
g
i aijdj || [ d
whenever i ] j. L
As each pair of positive elements in a strongly purely infinite has the
matrix diagonalization property, Lemma 5.7 and Lemma 5.6 imply:
Lemma 5.8. Let A be a strongly purely infinite Cg-algebra. Then for each
positive matrix a=(aij) in Mn(A), for each choice of ej > 0, j=1, ..., n, and
for each d > 0 there are elements d1, ..., dn in A such that
dgj ajjdj=(ajj− ej)+, ||d
g
i aijdj || [ d for i ] j, ||dj ||2 [ 2e−1j ||ajj ||.
(5.2)
Lemma 5.9. Let A be a Cg-algebra, and let a1, a2, ..., an and b1,
b2, ..., bm be two families of positive elements in A such that the (n+m)-tuple
(a1, ..., an, b1, ..., bm) has the matrix diagonalization property. Then the pair
(;ni=1 ai,;mj=1 bj) has the matrix diagonalization property.
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Proof. We may assume that m=n (otherwise take, for example,
bm+1=·· ·=bn=0). Put a=;ni=1 ai and b=;ni=1 bi, and let x in A be
such that ( ax
x*
b ) is a positive matrix inM2(A). Let e > 0 be given. Put
s=Ra1/21x
a1/2n
S , t=Rb1/21x
b1/2n
S .
Then sgs=a and tgt=b. Write s=ua1/2 and t=vb1/2 for some partial
isometries u, v in Mn, 1(Agg). Recall that uc, respectively, vc, belongs to
Mn, 1(A) for every c in aAa, respectively, in bAb. Also,
uaug=ssg=R a1 · · · a1/21 a1/2nx x
a1/2n a
1/2
1 · · · an
S ,
vbvg=ttg=R b1 · · · b1/21 b1/2nx x
b1/2n b
1/2
1 · · · bn
S .
It follows that
1uaug
vxug
uxgvg
vbvg
2 ¥M2n(A)+,
and that the diagonal entries of this matrix are (a1, ..., an, b1, ..., bn), and
this 2n-tuple has the matrix diagonalization property by assumption.
Arguing as in the proof of Proposition 5.11(iii) we find matrices f1, f2 in
Mn(A) such that
||fg1uau
gf1−uaug|| < e, ||f
g
2 vbv
gf2−vbvg|| < e, ||f
g
2 vxu
gf1 || < e.
Replacing fj by ejfjej, where e1 and e2 are suitable approximate units in
the hereditary sub-Cg-algebras generated by uaug, respectively, vbvg, we
can assume that f1 and f2 belong to these respective hereditary sub-
Cg-algebras. This will ensure that d1=ugf1u and d2=vgf2v belong to A.
Finally,
||dg1ad1−a||=||ud
g
1ad1u
g−uaug||=||fg1uau
gf1−uaug|| < e,
||dg2bd2−b||=||vd
g
2bd2v
g−vbvg||=||fg2 vbv
gf2−vbvg|| < e,
||dg2xd1 ||=||vd
g
2xd1u
g||=||fg2 vxu
gf1 || < e,
as desired. L
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Remark 5.10 (Matrix Diagonalization Revisited). A Cg-algebra A is
strongly purely infinite if and only if for each pair of positive element a, b
in A and for each e > 0 there are elements d1, d2 in A such that
||dg1ad1−a|| [ e, ||dg2bd2−b|| [ e, ||dg2b1/2a1/2d1 || [ e. (5.3)
To see this, note first that
1 a
b1/2a1/2
a1/2b1/2
b
2=1a1/2
0
0
b1/2
2 11
1
1
1
2 1a1/2
0
0
b1/2
2 ¥M2(A)+.
The ‘‘only if’’ part of the claim now follows immediately from Defini-
tion 5.1.
To prove the ‘‘if’’ part it suffices to show that ((a−g)+, (b−g)+) has the
matrix diagonalization property for every pair of positive elements a, b in A
and for every g > 0; cf. Lemma 5.6. Let x in A be such that ( (a−g)+x
x*
(b−g)+) is
positive. Put c=a+b. It follows from (5.3), as in the proof of Proposi-
tion 5.4, that A must be purely infinite. Hence, for some d > 0,
1 (a−g)+
x
xg
(b−g)+
2g01 (a−g/2)+0 0(b−g/2)+2
g01 (c−d)+0 0(c−d)+2g0 c,
where eg0 f means that e=zgfz for some z in (a rectangular matrix over)
A. We need therefore only show that each positive matrix in M2(A) of the
form ygcy, where y belongs toM1, 2(A) and c is a positive element in A, can
be approximately matrix diagonalized.
Let ( ax
x*
b )=y
gcy be given and write y=(y1, y2). Then a=y
g
1 cy1,
b=yg2 cy2, and x=y
gcy1. Consider the polar decompositions c1/2y1=ua1/2
and c1/2y2=vb1/2, where u, v are partial isometries in Agg, and put a0=
uaug and b0=vbvg. Then a0 and b0 belong to A, and
1ug
0
0
vg
2 1 a0
b1/20 a
1/2
0
a1/20 b
1/2
0
b0
2 1u
0
0
v
2=1a
x
xg
b
2 .
Find e1, e2 in A such that
||eg1a0e1−a0 || < e, ||e
g
2b0e2−b0 || < e, ||e
g
2b
1/2
0 a
1/2
0 e1 || < e.
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Upon replacing e1 by ge1 g for a suitable positive contraction in the heredi-
tary sub-Cg-algebra a0Aa0 we may assume that e1 belongs to this sub-
Cg-algebra. Similarly, we may assume that e2 belongs to b0Ab0. Then d1=
uge1u and d2=vge2v belong to A, and
||dg1ad1−a|| < e, ||d
g
2bd2−b|| < e, ||d
g
2xd1 || < e.
Proposition 5.11 (Permanence Properties). (i) If A is strongly purely
infinite, then so is every non-zero quotient of A.
(ii) If A is strongly purely infinite, then so are all its non-zero heredi-
tary sub-Cg-algebras.
(iii) If A and B are stably isomorphic and if A is strongly purely infi-
nite, then so is B.
(iv) Any inductive limit of a system of strongly purely infinite
Cg-algebras is again strongly purely infinite.
Proof. (i) We must show that A/I is strongly purely infinite whenever
I is a closed two-sided ideal in A. To see this take a positive element b in
M2(A/I). Lift b to a positive element a in M2(A). Find d1, d2 in A that
approximately matrix diagonalize a as in Definition 5.1. The images under
the quotient mapping AQ A/I of d1, d2 will then approximately matrix
diagonalize b.
(ii) This follows from Lemma 5.2.
(iv) In the light of (i) it suffices to show that if A is a Cg-algebra with
a directed family {Ai}i ¥ I of strongly purely infinite sub-Cg-algebras Ai such
that 1 i ¥ I Ai is dense in A, then A is strongly purely infinite.
We must for each positive matrix ( ax
x*
b ) in M2(A) and for each e > 0
show that there are d1, d2 in A such that ||d
g
1ad1−a|| [ e, ||dg2bd2−b|| [ e,
and ||dg2xd1 || [ e. It is no loss of generality to assume that the given positive
matrix is a contraction.
Choose d1 > 0 and d2 > 0 such that d2 [ e/2 and (2d−12 +1) d1 [ e/2.
Find i in I and a positive element ( a0x0
xg0
b0 ) inM2(Ai) such that
||a−a0 || < d1, ||b−b0 || < d1, ||x−x0 || < d1.
Find next d1, d2 in Ai with ||di ||2 [ 2d−12 and
dg1a0d1=(a0−d2)+, d
g
2b0d2=(b0−d2)+, ||d
g
2x0d1 || < d2;
cf. Lemma 5.6. Then
||dg1ad1−a|| [ ||d1 ||2 ||a−a0 ||+||a−a0 ||+d2 [ (2d−12 +1) d1+d2 [ e,
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and, similarly, ||dg2bd2−b|| < e. Also,
||dg2xd1 || [ ||d1 || ||d2 || ||x−x0 ||+||dg2x0d1 || [ 2d−12 d1+d2 [ e.
This shows that A is strongly purely infinite.
(iii) By (ii) it suffices to show that A éK is strongly purely infinite
when A is strongly purely infinite, and using (iv) it suffices to show that
Mn(A) is strongly purely infinite for all natural numbers n, when A is
strongly purely infinite. Let ( ax
x*
b ) be a positive element inM2(Mn(A)) and
let e > 0. Then a and b are positive elements of Mn(A). Denote by aˆ and bˆ
the diagonal parts of a and b ; i.e., aˆ is the diagonal matrix inMn(A) whose
diagonal entries are equal to the diagonal entries of a, and similarly for bˆ.
Then diag(aˆ, bˆ) is the diagonal part of ( ax
x*
b ). As remarked in Lemma 5.3,
ag aˆ and bg bˆ. Hence there is d > 0 and e1, e2 in Mn(A) such that
eg1 (aˆ−d)+ e1=(a− e)+ and e
g
2 (bˆ−d)+ e2=(b− e)+.
According to Lemma 5.8 we can find (diagonal) matrices f1, f2 in
Mn(A) such that
fg1af1=(aˆ−d)+, f
g
2bf2=(bˆ−d)+, ||f
g
2xf1 || [ ||e1 ||−1 ||e2 ||−1 e.
Put d1=f1e1 and d2=f2e2. Then d
g
1ad1=(a− e)+, d
g
2bd2=(b− e)+, and
||dg2xd1 || [ ||e1 || ||e2 || ||fg2xf1 || [ e. This shows that Mn(A) is strongly purely
infinite. L
Proposition 5.12. The following conditions are equivalent for every
Cg-algebra A:
(i) A is strongly purely infinite.
(ii) a.(A) is strongly purely infinite.
(iii) Aw is strongly purely infinite for every filter w on N.
(iv) Aw is strongly purely infinite for some filter w on N.
Proof. (i)S (ii). Assume that A is strongly purely infinite. To show that
a.(A) is strongly purely infinite take a positive matrix ( ax x*b ) in a.(A).
Upon scaling this matrix, we can assume that a and b are contractions.
Write
a=(a1, a2, ...), b=(b1, b2, ...), x=(x1, x2, ...).
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Then {an}, {bn}, and {xn} are sequences of contractions in A and (
an
xn
xgn
bn ) is
positive in M2(A) for each n. Let e > 0 be given. Use Lemma 5.6 to find
elements d1, n, d2, n in A with
dg1, nand1, n=(an− e)+, d
g
2, nbnd2, n=(bn− e)+,
||dg2, nxnd1, n || [ e, ||dj, n ||2 [ 2e−1.
Then dj=(dj, 1, dj, 2, ...) belongs to a.(A) for j=1, 2, and
dg1ad1=(a− e)+, d
g
2bd2=(b− e)+, ||d
g
2xd1 || [ e.
This shows that a.(A) is strongly purely infinite.
(ii)S (iii). This follows from Proposition 5.11(i).
(iii)S (iv). Trivial!
(iv)S (i). Assume that Aw is strongly purely infinite for some filter w on
N. Let ( ax
x*
b ) be a positive element inM2(A) and let e > 0 be given. Let pw:
a.(A)Q Aw denote the quotient mapping. Identify x in A with pw(x, x, ...)
(thus viewing A as a sub-Cg-algebra of Aw). Then (
a
x
x*
b ) is a positive
element inM2(Aw). We can therefore find d1, d2 inAw such that ||d
g
1ad1−a|| <
e, ||dg2bd2−b|| < e, and ||d
g
2xd2 || < e. Write dj=pw(dj, 1, dj, 2, ...). Then
lim sup
w
||dg1, nad1, n−a|| < e, lim sup
w
||dg2, nbd2, n−b|| < e,
lim sup
w
||dg2, nxd1, n || < e.
Hence ||dg1, nad1, n−a|| < e, ||d
g
2, nbd2, n−b|| < e, and ||d
g
2, nxd1, n || < e for each n
in some subset belonging to w, and hence for at least one n. This completes
the proof. L
Combining Lemma 5.6 and Lemma 2.5 we get the following sharpening
of Lemma 5.8 for limit algebras:
Lemma 5.13. Let w be a free filter on N and let A be a strongly purely
infinite Cg-algebra. Then for each positive matrix a=(aij) in Mn(Aw) and
for each choice of ej > 0, j=1, ..., n, there are elements d1, ..., dn in Aw such
that
dgj ajjdj=(ajj− ej)+, ||d
g
i aijdj ||=0 for i ] j, ||dj ||2 [ 2e−1j ||ajj ||.
Proposition 5.14. Every approximately divisible, purely infinite
Cg-algebra is strongly purely infinite.
Proof. Let A be an approximately divisible, purely infinite Cg-algebra, and
let w be a free filter on N. We show that Aw is strongly purely infinite, and it
will then follow from Proposition 5.12 that A is strongly purely infinite.
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Let T=( ax
x*
b ) be a positive matrix inM2(Aw). Lift T to a positive matrix
(T1, T2, ...) in M2(a.(A)) and write Tn=( anxn
xgn
bn ). With E=M2(C) ÀM3(C)
we can find unital g-homomorphisms jn: EQM(A) such that
lim
nQ.
||jn(e) an−anjn(e)||= lim
nQ.
||jn(e) bn−bnjn(e)||
= lim
nQ.
||jn(e) xn−xnjn(e)||=0
for all e in E.
With pw: a.(M(A))QM(A)w the quotient mapping, define
j : EQM(A)w ıM(Aw) by j(e)=pw(j1(e), j2(e), ...).
Then a, b, x commute with the image of j.
Choose a full (non-unital) g-homomorphism i : M2(C)Q E, let {eij} be
the matrix units forM2(C), and put fij=i(eij). There are elements e1, e2, e3
in E such that 1=;3j=1 egj f11ej. Hence
a=C
3
j=1
j(egj ) j(f11) aj(ej)
and so a belongs to the ideal generated by j(f11) a (=j(f11) aj(f11)).
Similarly, b belongs to the ideal generated by j(f22) bj(f22). Let e > 0 be
given. Since Aw is purely infinite (by Proposition 3.5) there are elements c1,
c2 in Aw such that
cg1j(f11) aj(f11) c1=(a− e)+, c
g
2j(f22) bj(f22) c2=(b− e)+.
Put d1=j(f11) c1 and d2=j(f22) c2. Then d
g
2xd1=0 because x commutes
with the image of j, dg1ad1=(a− e)+, and d
g
2bd2=(b− e)+. Hence T
can be matrix diagonalized, and this proves that Aw is strongly purely
infinite. L
6. PURELY INFINITE Cg-ALGEBRAS OF REAL RANK ZERO
It is shown in this section that every purely infinite Cg-algebra of real
rank zero is strongly purely infinite.
Call an element a in a Cg-algebra A locally central if it belongs to the
center of the hereditary sub-Cg-algebra aAa. Every projection and every
multiple of a projection are locally central. If a is locally central, then so is
(a−r)+ for every r \ 0.
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Definition 6.1. A Cg-algebra A is said to have the locally central
decomposition property if for every a in A+ and for every e > 0 there exist
locally central elements a1, a2, ..., an in A+ such that
(i) a1, a2, ..., an belong to AaA,
(ii) (a− e)+ belongs to A(;nj=1 aj) A.
Remark 6.2. If a purely infinite Cg-algebra A satisfies the locally
central decomposition property then it has the following stronger property.
For every a in A+ and for every e > 0 there exist e, f in A and locally
central elements a1, a2, ..., an in A+ such that
(i) egae=;nj=1 aj,
(ii) fg(egae) f=(a− e)+.
To see that the locally central decomposition property implies conditions
(i) and (ii) above, take a in A+ and e > 0. Applying conditions (i) and (ii) of
Definition 6.1 to (a− e/3)+ and to e/3, and using the assumption that A is
purely infinite, we find locally central elements a1, a2, ..., an in A+ such that
C
n
j=1
aj g (a− e/3)+, (a−2e/3)+g C
n
j=1
aj.
We can now use Lemmas 2.4 and 2.3 to find e, f in A such that (i) and (ii)
above hold.
Proposition 6.3. Every purely infinite Cg-algebra of real rank zero has
the locally central decomposition property.
Proof. Let a be a non-zero positive element in a purely infinite
Cg-algebra A of real rank zero. Since aAa has an approximate unit consist-
ing of projections, it contains for each e > 0 a projection p such that
(a− e)+ belongs to the ideal generated by p. Hence the two conditions of
Definition 6.1 are satisfied (with n=1 and a1=p). L
It is shown in [4] that continuous field Cg-algebras, whose fibers are
purely infinite and simple, have the locally central decomposition property.
Lemma 6.4. Let A be a purely infinite Cg-algebra. Let d > 0, let x, f in
A, and e in xgAx be given such that x is a contraction and
||fgxe|| [ d2, (|x|−d)+ [ |e|.
Let D be a hereditary sub-Cg-algebra of A which contains xgx. Then for each
positive element b in D and for each e > 0 there exists d in D with dgd=
(b− e)+ and
||fgxd|| [ (2 ||b|| ||f|| (1+5 ||f||))1/2 d1/2.
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Proof. We may assume that d < 1. Put b0=(b− e)+ and find positive
contractions u1, u2 in D such that u1u2=u2u1=u2 and u2b0=b0u2=b0.
Let J be the closed two-sided ideal in A generated by (|eg|−d)+ and let
pJ: AQ A/J be the quotient mapping. Then ||pJ(e)|| [ d, and hence
||pJ(|x|)|| [ 2d. Accordingly, we can find a positive contraction g in J such
that ||xu1/21 (1−g)|| [`5 d.
Put a=u1/21 (1−g)
2 u1/21 +|e
g|. Then a belongs to D and (u1−d)+ belongs
to the closed two-sided ideal I in A generated by (a−d)+. To see the latter,
observe first that ||pI(|eg|)|| [ ||pI(a)|| [ d, which shows that (|eg|−d)+
belongs to I. This entails that I contains J. Hence
pI(u1)=pI(u
1/2
1 (1−g)
2 u1/21 ) [ pI(a) [ d,
whence (u1−d)+ belongs to I.
We have u2 g (u1−d)+g (a−d)+ (in A and hence in D), the second
relation is because (a−d)+ is properly infinite. By Lemma 2.4(ii) we can
find y in D such that ||y||2 [ 2/d and ygay=u2. Put d=a1/2yb1/20 . Then d
belongs to D, dgd=b0, and
||fgxd||2=||fgxd dgxgf|| [ ||b0 || ||y||2 ||fgxaxgf||
[ 2d−1 ||b|| (||fgxu1/21 (1−g)2 u1/21 xgf||+||fgx |eg| xgf||)
[ 2d−1 ||b|| (||f||2 ||xu1/21 (1−g)||2+||fgx |eg| || ||xg|| ||f||)
[ 2d−1 ||b|| (5d2 ||f||2+d2 ||f||)
=2d ||b|| ||f|| (5 ||f||+1). L
Proposition 6.5. Let A be a purely infinite Cg-algebra, let D1 and D2 be
hereditary sub-Cg-algebras of A, and let x be an element in A such that
xgx ¥ D1 and xxg ¥ D2. Let a be a positive element in D1, let b be a positive
element in D2, and let e1 > 0 and e2 > 0 be given. It follows that for each
d > 0 there exist d1 ¥ D1 and d2 ¥ D2 such that dg1d1=(a− e1)+, dg2d2=
(b− e2)+, and ||d
g
2xd1 || < d.
Proof. Since d > 0 is arbitrary, we may assume that a, b, and x are
contractions. Choose g > 0 such that 123g [ d4. Using that A is purely
infinite we can find h1, h2 in xgAx such that
1 (|x|−g)2+
0
0
(|x|1/2−g)2+
2=1hg1
hg2
0
0
2 1 |x|
0
0
0
2 1h1
0
h2
0
2 ,
or, equivalently, such that
hg1 |x| h1=(|x|−g)
2
+, h
g
2 |x| h2=(|x|
1/2−g)2+, h
g
1 |x| h2=0.
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Let x=v |x|=|xg| v be the polar decomposition for x, where v is a partial
isometry in Agg. Put x1=v |x|1/2, f1=x1h1vg, and e1=h2. Then e1 belongs
to xgAx=xg1Ax1, f
g
1x1e1=vh
g
1x
g
1x1h2=vh
g
1 |x| h2=0,
|e1 |=(h
g
2h2)
1/2 \ (hg2 |x| h2)1/2=(|x|1/2−g)+=(|x1 |−g)+,
and f1 is a contraction. It follows from Lemma 6.4 that there exists d1 in
D1 with d
g
1d1=(a− e1)+ and ||f
g
1x1d1 || [ (12g)1/2 (=g1).
Put x2=xg, f2=d1, and e2=vh1vg. Then
fg1x1d1=vh
g
1x
g
1x1f2=vh
g
1 |x| f2
=(fg2 |x| h1v
g)=(fg2x
gvh1vg)g=(f
g
2x2e2)
g,
and so ||fg2x2e2 || [ g1. Moreover, e2 belongs to v(xgAx) vg=xAxg=xg2Ax2,
xg2x2=xx
g belongs to D2, and
|e2 |=v(h
g
1h1)
1/2 vg \ v(hg1 |x| h1)1/2 vg=v(|x|−g)+ vg
=(|xg|−g)+=(|x2 |−g)+ \ (|x2 |−g1)+.
Apply Lemma 6.4 once more to get an element d2 in D2 satisfying d
g
2d2=
(b− e2)+, and
||fg2x2d2 || [ (12g1 ||b||)1/2 [ (12g1)1/2 [ (12(12g)1/2)1/2 [ d.
This completes the proof because ||dg2xd1 ||=||d
g
1x
gd2 ||=||f
g
2x2d2 ||. L
Remark 6.6 (Pure infiniteness versus strong pure infiniteness). At a first
glance it would seem that Proposition 6.5 proves that every purely infinite
Cg-algebra is strongly purely infinite. Here is what actually follows from
this proposition: If a, b are positive elements in a purely infinite Cg-algebra
A and if x=b1/2x0a1/2, where x0 belongs to (b−r)+ A(a−r)+ for some
r > 0, then for each e > 0 and d > 0 there are elements d1, d2 in A such that
dg1ad1=(a− e)+, d
g
2bd2=(b− e)+, and ||d
g
2xd1 || [ d.
Indeed, assume as we may that r < e, and put
a0=(a−r)+, b0=(b−r)+, D1=a0Aa0, D2=b0Ab0,
so that xg0x0 belongs to D1, x0x
g
0 belongs to D2, (a− e)+=(a0−(e−r))+,
and (b− e)+=(b0−(e−r))+. We can apply Proposition 6.5 to get e1 in D1
and e2 in D2 satisfying e
g
1 e1(a− e)+, e
g
2 e2=(b− e)+, and ||e
g
2x0e1 || [ d. Now,
find d1, d2 in A such that e1=a1/2d1 and e2=b1/2d2. Then d
g
1ad1=e
g
1 e1=
(a− e)+, d
g
2bd2=e
g
2 e2=(b− e)+, and
||dg2xd1 ||=||d
g
2b
1/2x0a1/2d1 ||=||e
g
2x0e1 || [ d.
In general we cannot take x to be of the form b1/2x0a1/2, with x0 as
above, although, by Remark 5.10, to prove that A is strongly purely infi-
nite, it would suffice to find d1, d2 as above for x=b1/2a1/2.
228 KIRCHBERG AND RØRDAM
The two next lemmas concern the matrix diagonalization property of
n-tuples as in Definition 5.5 and locally central elements (defined above
Definition 6.1).
Lemma 6.7. Each n-tuple (a1, ..., an) of locally central positive elements
in a purely infinite Cg-algebra has the matrix diagonalization property.
Proof. By Lemma 5.7 it suffices to prove the lemma for n=2. Recall
that (aj−g)+ is locally central for each g \ 0.
Let x in A be such that
1a1
x
xg
a2
2 ¥M2(A)+.
Choose a continuous function f: R+Q [0, 1] satisfying that f(t)=0 when
t [ d/2 and |f(t) t− t| < d for all t \ 0. Put Dj=ajAaj, j=1, 2, so that xgx
belongs to D1 and xxg belongs to D2. It follows from Proposition 6.5 that
there exist dj in Dj, j=1, 2, satisfying d
g
j dj=f(aj) and ||d
g
2xd1 || < d. Notice
that ||dj ||2=||f(aj)|| [ 1. Because aj is a central element in Dj we get
dgj ajdj=d
g
j djaj=f(aj) aj. Hence ||d
g
j ajdj−aj || [ d and ||dg2xd1 || [ d,
and this shows that (a1, a2) has the matrix diagonalization property; cf.
Lemma 5.2. L
Theorem 6.8. Every purely infinite Cg-algebra with the locally central
decomposition property is strongly purely infinite.
Proof. Let A be a Cg-algebra with the locally central decomposition
property, and let
1a
x
xg
b
2 ¥M2(A)+
and e > 0 be given. By the assumption that A satisfies the locally central
decomposition property and by Remark 6.2 and Lemmas 6.7 and 5.9 there
are elements c1, f1, e2, f2 in A such that (e
g
1ae1, e
g
2be2) satisfies the matrix
diagonalization property, and such that
||fg1 (e
g
1ae1) f1−a|| [ e/2, ||fg2 (eg2be2) f2−b|| [ e/2.
Now,
1eg1
0
0
eg2
2 1a
x
xg
b
2 1e1
0
0
e2
2=1eg1ae2
x1
xg1
eg2be2
2 ,
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where x1=e
g
2xe1. Find g1, g2 in A such that
||gg1 (e
g
1ae1) g1−e
g
1ae1 || [
e
2 ||f1 ||2
, ||gg2 (e
g
2be2) g2−e
g
2be2 || [
e
2 ||f2 ||2
,
||gg2x1 g1 || [
e
||f1 || ||f2 ||
.
Put dj=ej gjfj for j=1, 2. Then
||dg1ad1−a||=||f
g
1 g
g
1 (e
g
1ae1) g1f1−a||
[ ||f1 ||2 ||gg1 (eg1ae1) g1−eg1ae1 ||+||fg1 (eg1ae1) f1−a|| [ e,
and, similarly, ||dg2bd2−b|| [ e. Finally,
||dg2xd1 ||=||f
g
2 g
g
2 e
g
2xe1 g1f1 ||=||f
g
2 g
g
2x1 g1f1 || [ ||f1 || ||f2 || ||gg2x1 g1 || [ e,
as desired. L
Combining Theorem 6.8 with Proposition 6.3 yields:
Corollary 6.9. Every purely infinite Cg-algebra of real rank zero is
strongly purely infinite.
7. APPROXIMATELY INNER COMPLETELY POSITIVE
CONTRACTION ON STRONGLY PURELY INFINITE
Cg-ALGEBRAS
The main result of this section is a local variation of the Weyl–von
Neumann theorem. It says that any approximately inner, completely posi-
tive contraction from a nuclear sub-Cg-algebra of a strongly purely infinite
Cg-algebra A into A is approximately 1-step inner. This result will be used
in Section 8 to show that A is isomorphic to A é O. if A is nuclear,
strongly purely infinite, stable, and separable.
The section is divided into three parts, the last of which contains a
refinement of matrix diagonalization in strongly purely infinite Cg-algebras
that will not be used in the rest of the paper.
Some Preliminary Results
We begin by defining what it means for a completely positive mapping to
be (approximately) inner:
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Definition 7.1 (Inner and Approximately Inner Maps). Let A and B
be Cg-algebras both contained in a Cg-algebra E, and let T: BQ A be a
completely positive map. The map T is said to be n-step inner (relatively to
E) if there are elements e1, ..., en in E such that
T(b)=C
n
j=1
egj bej
for all b in B. We say that T is inner if T is n-step inner for some natural
number n.
If for each finite subset F of B and for each e > 0 there is an n-step inner,
respectively, an inner completely positive map S: BQ A such that
||T(b)−S(b)|| [ e for all b in F, then T is called approximately n-step inner,
respectively, approximately inner.
The Cg-algebra E in the definition above will usually be either A, the
multiplier algebra of A, or a limit algebra Aw for some free filter w on N. If
E=A or if it is clear from the context which ambient Cg-algebra we are
considering, then we may omit the reference ‘‘relatively to E.’’ Lemma 7.3
below says that approximate innerness is independent of the ambient
Cg-algebra. First we need a lemma:
Lemma 7.2. Let T: BQ A be a completely positive contraction that is
approximately n-step inner relatively to a Cg-algebra E containing both A
and B. Then for each finite subset F of B and for each e > 0 there are ele-
ments e1, ..., en in E such that
>T(b)− Cn
j=1
egj bej > [ e, b ¥ F, > Cn
j=1
egj ej > [ 1.
Proof. Let d=e/(2+max{||b||: b ¥ F}). Find a positive contraction f in
B such that ||fbf−b|| [ d for all b in F.
Take an n-step inner completely positive map S with ||T(b)−S(b)|| < d
for all b in fFf 2 {f2}. Write S(b)=;nj=1 dgj bdj, where the dj belong to
E. Put ej=(1+d)−1/2 fdj. Then
> Cn
j=1
egj ej >=(1+d)−1 ||S(f2)|| [ (1+d)−1 (||T(f2)||+d) [ 1.
We also have
(1+d) 1 Cn
j=1
egj bej−T(b)2=(S(fbf)−T(fbf))−T(b−fbf)−dT(b),
for b ¥ B, from which the lemma follows. L
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Lemma 7.3. Let A and B be Cg-algebras with B separable, and let
T: BQ A be a completely positive contraction.
(i) Suppose that B is a sub-Cg-algebra of Aw for some free filter w on
N and that T is approximately n-step inner relatively to Aw. Then T is
(exactly) n-step inner relatively to Aw and T is approximately n-step inner
relatively to A.
(ii) Suppose that B is a sub-Cg-algebra ofM(A) and that T is approx-
imately n-step inner relatively toM(A). Then T is approximately n-step inner
relatively to A.
Proof. (i) Assume that T is approximately n-step inner relatively to
Aw. Then for each natural number k there are contractions d1, k, ..., dn, k in
Aw such that
lim
kQ.
C
n
j=1
dgj, kbdj, k=T(b)
for all b in B. By the obvious generalization of Lemma 2.5 to polynomials
in 2n noncommuting variables we find contractions d1, ..., dn in Aw satisfy-
ing ;nj=1 dgj bdj=T(b) for all b in B.
Write dj=pw(d
(1)
j , d
(2)
j , ...) where each d
(k)
j is a contraction in A. Then
lim sup
w
> Cn
j=1
(d (k)j )
g bd (k)j −T(b)>=0, b ¥ B.
For each finite subset F of B and for each e > 0 we can therefore find a
natural number k such that
> Cn
j=1
(d (k)j )
g bd (k)j −T(b)> [ e, b ¥ F.
Hence T is approximately n-step inner relatively to A.
(ii) Assume that T is approximately n-step inner relatively to M(A).
Take a finite subset F of B and e > 0. Find an n-step inner completely
positive contraction S: BQM(A) such that ||T(b)−S(b)|| [ e/2 for all b in
F. Write S(b)=;nj=1 dgj bdj for suitable dj in M(A). Find a positive con-
traction f in A with ||f1/2T(b) f1/2−T(b)|| [ e/2 for all b in F, and put
ej=djf1/2. Then each ej belongs to A, and
> Cn
j=1
egj bej−T(b)> [ ||f1/2(S(b)−T(b)) f1/2||+||f1/2T(b) f1/2−T(b)|| [ e
for all b in F. L
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Part (i) of our next preliminary result describes (approximately) 1-step
inner maps, and part (ii) is a related result that will be used in Section 8.
Lemma 7.4. Let A be a stable Cg-algebra.
(i) Let B be a separable sub-Cg-algebra of A, and let V: BQ A be an
approximately 1-step inner completely positive contraction. Then there is a
sequence {tn}
.
n=1 of isometries in M(A) such that ||t
g
nbtn−V(b)||Q 0 for all
b in B.
(ii) If there is a sequence {dn} of elements inM2(A) such that
lim
nQ.
>dgn 1a0 002 dn−1a0 0a2>=0 (7.1)
for all a in A, then there are isometries un, vn in M(A) such that unu
g
n+
vnv
g
n [ 1 and
lim
nQ.
>1ugn
vgn
0
0
2 1a
0
0
0
2 1un
0
vn
0
2−1a
0
0
a
2>=0 (7.2)
for all a in A.
Proof. Because A is stable we can write A=A0 éK, whereK denotes
the compact operators on a separable Hilbert space H. We can then view
1 é B(H) as a sub-Cg-algebra ofM(A). Choose an increasing approximate
unit {en}
.
n=1 for K consisting of projections. Then ||a(1−1 é en)||Q 0 for
every a in A. Take isometries sn, 1, sn, 2 in 1 é B(H) satisfying sn, 1sgn, 1+
sn, 2s
g
n, 2=1 and sn, 2s
g
n, 2 [ 1−1 é en. Then ||asn, 2sgn, 2 ||Q 0 for all a in A.
(i) Use Lemma 7.2 to find a sequence {dn}
.
n=1 of contractions in A
such that dgnbdn Q V(b) for all b in B, and put
tn=sn, 1s
g
n, 1dn+sn, 2(1−d
g
n sn, 1s
g
n, 1dn)
1/2. (7.3)
Then each tn is an isometry and t
g
nbtn Q V(b) for b ¥ B.
(ii) Observe first that M(M2(A))=M2(M(A)). Put e=diag(1, 0) ¥
M2(M(A)). By Lemma 7.2 we can assume that each dn is a contraction.
Upon replacing dn by edn we may also assume that edn=dn. Let sn, j ¥
M(A) be as above, and set
s˜n, 1=1 s2n, 10 sn, 1sn, 20 2 , s˜n, 2=1 sn, 2, sn, 10 s
2
n, 2
0
2 .
Let here tn in M2(M(A)) be given by (7.3) where sn, 1, sn, 2 are replaced by
s˜n, 1, s˜n, 2. Then tn is an isometry satisfying (7.1) (with tn in the place of dn),
tn=etn, and hence
tn=1un0 vn0 2 ,
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for some un, vn in M(A) that necessarily are isometries with unu
g
n orthogo-
nal to vnv
g
n because tn is an isometry. L
A Local Weyl–von Neumann Theorem
The main result of this subsection is Theorem 7.21 which will be proved
in a series of lemmas. Two of these lemmas (Lemma 7.7 and Lemma 7.12)
will use the following:
Remark 7.5 (A construction with commuting elements). Let a1, a2, ...,
an be commuting positive contractions in a strongly purely infinite
Cg-algebra A, and let g1 > 0, g2 > 0, and g3 > 0 be given, where g1 < 1/2.
We underline that g2 and g3 can be chosen independent from g1, and that
we allow g3=0 only if A is the ultrapower of some other strongly purely
infinite Cg-algebra.
Let X denote the primitive ideal spectrum of D=Cg(a1, a2, ..., an), so
that D is isomorphic to C0(X). For each x in X let rx : DQ C denote the
corresponding character on D. Identifying X with the image of the (injec-
tive) map
xW (rx(a1), rx(a2), ..., rx(an)),
X becomes a bounded subset of Rn. Put
W={x ¥X: max{a1(x), ..., an(x)} \ g2},
so that W is a compact subset of X. It is a standard fact from dimension
theory that every open cover of W ı Rn has an open sub-cover such that
each point in Rn belongs to at most n+1 of the open sets in the sub-cover.
Use this to find open sets U1, ..., Ur and V1, ..., Vr such that
(i) W ı V1 2 V2 2 · · · 2 Vr ı U1 2 U2 2 · · · 2 Ur, and V¯j ı Uj;
(ii) |rx(ak)−rxŒ(ak)| [ g2 for all j=1, 2, ..., r, for all x, xŒ in Uj, and
for all k ;
(iii) each x in X is contained in at most n+1 of the open sets
U1, ..., Ur.
Choose xj in Vj for each j. Let g1, ..., gr be positive contractions in D such
that g1+·· ·+gr [ 1, rx(g1+·· ·+gr)=1 for all x in W, and rx(gj)=0
when x ¨ Vj. Choose next positive contractions f1, ..., fr in D such that
fj gj=gj and rx(fj)=0 when x ¨ Uj. Then
>ak− Cr
j=1
rxj (ak) gj > [ g2, ||cakc−rxj (ak) c2|| [ g2 (7.4)
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for all contractions c in fjDfj, for k=1, ..., n, and for j=1, ..., r. Put
f=(f1/21 · · · f
1/2
r ) ¥M1, r(A), g=Rg1/21x
g1/2r
S ¥Mr, 1(A).
For each d \ 0 define Sd: DQMr(D) by
Sd(c)=Rrx1 (c)(f1−d)+ · · · 0x z x
0 · · · rxr (x)(fr−d)+
S , c ¥ D.
Applying Lemma 5.8 (with ej=g1 and d small enough) to the positive
matrix
fgf=R f1 · · · f1/21 f1/2rx x
f1/2r f
1/2
1 · · · fr
S
we obtain elements d1, d2, ..., dr in A such that d
g
j fjdj=(fj−g1)+, ||dj ||
2 [
2/g1, and
>Rdg1 · · · 0x z x
0 · · · dgr
S fgf Rd1 · · · 0x z x
0 · · · dr
S
−R (f1−g1)+ · · · 0x z x
0 · · · (fr−g1)+
S> [ g3. (7.5)
(We can take g3=0 if A is a limit algebra. cf. Lemma 5.13, otherwise we
must require g3 > 0.) Set hj=f
1/2
j dj, and set h=(h1, ..., hr) in M1, r(A), so
that hgj hj=d
g
j fjdj=(fj−g1)+.
Lemma 7.6. In the notation of Remark 7.5,
||hgakh−Sg1 (ak)|| [ 2(n+1) g2g
−1
1 +g3, ||g
gS2g1 (ak) g−ak || [ 2g1+g2,
g is a contraction, and ||f||2 [ n+1.
Proof. Since ffg=; rj=1 fj [ n+1 by condition (iii) in Remark 7.5, we
have ||f||2 [ n+1.
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For each j=1, ..., r let pj in Agg correspond to the indicator function 1Uj
so that fj pj=fj and ||pjak−rxj (ak) pj || [ g2; cf. the second estimate in
(7.4). Then, using this in the third inequality and (7.5) to see the first
inequality below, we get
||hgakh−Sg1 (ak)||
[ >Rdg1 · · · 0x z x
0 · · · dgr
S Rfgakf−fgf Rrx1 (ak) · · · 0x z x
0 · · · rxr (ak)
SS
×Rd1 · · · 0x z x
0 · · · dr
S>+g3
[ 2g−11 >fgf Rak · · · 0x z x
0 · · · ak
S−fgf Rrx1 (ak) · · · 0x z x
0 · · · rxr (ak)
S>+g3
=2g−11 >fgf Rp1 · · · 0x z x
0 · · · pr
S Rak−rx1 (ak) · · · 0x z x
0 · · · ak−rxr (ak)
S>+g3
[ 2g−11 ||fgf|| g2+g3 [ 2(n+1) g2g−11 +g3.
Next, ggg=; rj=1 gj [ 1, so g is a contraction. We have gj(fj−2g1)+=
(1−2g1) gj because fj gj=gj and g1 [ 1/2 by the assumptions in
Remark 7.5. Hence,
ggS2g1 (ak) g=C
r
j=1
rxj (ak) g
1/2
j (fj−2g1)+ g
1/2
j =(1−2g1) C
r
j=1
rxj (ak) gj.
This and the first estimate in (7.4) yield ||ggS2g1 (ak) g−ak || [ 2g1+g2. L
Lemma 7.7. Let a1, a2, ..., an be commuting positive elements in a
strongly purely infinite Cg-algebra A. Then for each e > 0 and for each m in
N there exists b inMm(A) such that>bg Rak 0 · · · 00 0 · · · 0
x x z x
0 0 · · · 0
S b−Rak 0 · · · 00 ak · · · 0
x x z x
0 0 · · · ak
S> [ e,
for k=1, ..., n (where ak is repeated m times in the second matrix).
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Proof. Upon replacing e and the elements a1, ..., an with le and la1, ...,
lan for some positive real number l we may assume that each ak is a con-
traction and that e < 1.
Apply Remark 7.5 and Lemma 7.6 with
g1=e/4, g2=min 3 e3320(n+1), e44 , g3=e2/40.
Then by Lemma 7.6,
||hgakh−Se/4(ak)|| [
e2
20
, ||ggSe/2(ak) g−ak || [
3e
4
for k=1, ..., n.
(7.6)
Because A is purely infinite we have (fj− e/2)+ é 1m g (fj− e/2)+, so
by Lemma 2.4(ii) and (2.1) there are t1, ..., tr inM1, m(A) with
tgj (fj− e/4)+ tj=(fj− e/2)+ é 1m, ||tj ||2 [ 5/e.
Put
t=R t1 · · · 01, mx z x
01, m · · · tr
S ¥Mr, rm(A).
Then ||t||2 [ 5/e and
tg Ra1(f1− e/4)+ · · · 0x z x
0 · · · ar(fr− e/4)+
S t
=Ra1(f1− e/2)+ é 1m · · · 0x z x
0 · · · ar(fr− e/2)+ é 1m
S
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for all complex numbers a1, ..., ar. Taking u in Mrm(C) to be the permuta-
tion unitary which implements the natural isomorphism from Mr(Mm) 5
Mm éMr ontoMm(Mr) 5Mr éMm we get
ugtg Ra1(f1− e/4)+ · · · 0x z x
0 · · · ar(fr− e/4)+
S tu
=Ra1(f1− e/2)+ · · · 0x z x
0 · · · ar(fr− e/2)+
S é 1m,
and in particular, ugtgSe/4(c) tu=Se/2(c) é 1m for all c in D, which by the
first inequality in (7.6) implies that
||ugtghgakhtu−Se/2(ak) é 1m || [ e/4 for k=1, ..., n. (7.7)
Put b0=htu(g é 1m) ¥M1, m(A). By (7.7) and the second inequality in (7.6)
we get the estimate,
||bg0akb0−ak é 1m || [ ||(gg é 1m)(ugtghgakhtu−(Se/2(ak) é 1m))(g é 1m)||
+||(gg é 1m)(Se/2(ak) é 1m)(g é 1m)−ak é 1m ||
[ ||ugtghgakhtu−Se/2(ak) é 1m ||+||ggSe/2(ak) g−ak || [ e.
Taking b in Mm(A) to be the matrix whose first row is b0 and whose other
rows are zero, the lemma is proved. L
Proposition 7.8. Let A be a strongly purely infinite Cg-algebra.
(i) Let a1, a2, ..., an be commuting positive elements in A. For each
natural number m and for each e > 0 there is a contraction b in Mm(A) such
that >bg Rak 0 · · · 00 0 · · · 0
x x z x
0 0 · · · 0
S b−Rak 0 · · · 00 ak · · · 0
x x z x
0 0 · · · ak
S> [ e
for k=1, ..., n (where ak is repeated m times in the second matrix).
(ii) Let w be a free filter on N. Let a1, a2, ..., an be commuting, posi-
tive elements in Aw, and let m be a natural number. Then there exists a con-
traction b inMm(Aw) such that
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bg Rak 0 · · · 00 0 · · · 0
x x z x
0 0 · · · 0
S b=Rak 0 · · · 00 ak · · · 0
x x z x
0 0 · · · ak
S
for k=1, ..., n (where ak is repeated m times in the second matrix).
Proof. (i) Lemma 7.7 says that the completely positive contraction
diag(a, ..., 0)W diag(a, ..., a), where a belongs to the abelian Cg-algebra
generated by a1, ..., an, is approximately 1-step inner relatively to Mm(A).
It therefore follows from Lemma 7.2 that we can approximate this com-
pletely positive contraction by 1-step inner maps implemented by contrac-
tions b.
(ii) This follows from (i), Proposition 5.12, and Lemma 2.5. L
For any positive element a in a purely infinite Cg-algebra A, for any m in
N, and for every e > 0, one can find d inM1, m(A) such that ||dgad−a é 1m || [
e. It is, however, not known to us if one always can choose d to be a con-
traction. One of the offsprings of Proposition 7.8 above is that d can be
chosen to be a contraction in a strongly purely infinite Cg-algebra.
Lemma 7.9. Let D be a Cg-algebra, let a be a positive element in D, and
let d be a contraction in D. Then the following two conditions are equivalent:
(i) d commutes with a, and dgda=a,
(ii) dgad=a and dga2d=a2.
Proof. (ii)S (i). Set x=ad−da. Then
xgx=dga2d−dgada−adgad+adgda=adgda−a2 [ 0
(because d is a contraction). This shows that x must be zero. Hence d
commutes with a, and dgda=dgad=a. (i)S (ii) is trivial. L
Lemma 7.10. Suppose that A is a strongly purely infinite Cg-algebra. Let
w be a free filter on N, and let a1, a2, ..., an be a set of commuting normal
elements in Aw. Then for each natural number m there are contractions
r1, r2, ..., rm in Aw 5 {a1, a2, ..., an}Œ such that
rgi rj=dijr
g
1 r1, r
g
1 r1ak=ak, for all i, j, k.
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Proof. We can without loss of generality assume that each aj is positive.
Use Lemma 2.5 to find a positive contraction e in Aw such that eak=
ake=ak. Given m, take a contraction b inMm(Aw) as in Proposition 7.8(ii)
with respect to the set
{a1, a2, ..., an, a
2
1, a
2
2, ..., a
2
n, e, e
2}.
We can assume that b is a row matrix, i.e., that
b=Rb1 b2 · · · bm0 0 · · · 0
x x x
0 0 · · · 0
S .
Then each bj is a contraction, b
g
i akbj=dijak, and b
g
i a
2
kbj=dija
2
k.
Each bi belongs to Aw 5 {a1, a2, ..., an}Œ and bgi bjak=dijak by Lemma 7.9.
Similarly we find that each bi commutes with e, that b
g
i bie=e, and that
bgi ebj=dije. Set ri=bie
1/2. Then each ri is a contraction inAw 5 {a1, a2, ..., an}Œ
and rgi rj=dije. This proves the lemma. L
Lemma 7.11. Let D and E be Cg-algebras, and let S: DQ E and
T: EQ D be completely positive contractions.
(i) If a is a positive element in D such that ||S(a2)−S(a)2|| [ e, then
||S(ab)−S(a) S(b)|| [ e1/2 and ||S(ba)−S(b) S(a)|| [ e1/2 for all contractions
b in D.
(ii) If a is a positive element in E such that ||S(T(a))−a|| [ e and
||S(T(a2))−a2|| [ e; then ||S(T(a)2)−S(T(a))2|| [ (1+2 ||a||) e.
Proof. (i) By Stinespring’s theorem we can find a representation of E
on a Hilbert space H, a g-homomorphism p : DQ B(H), and a projection p
on H such that S(d)=pp(d) p, when viewing E as a sub-Cg-algebra of
B(H). Define G(x)=(1−p) p(x) p for x in D. Then S(ygx)−S(yg) S(x)=
G(y)g G(x) for all x, y ¥ D and ||G(b)|| [ ||b|| [ 1. Hence
||S(ab)−S(a) S(b)||2 [ ||G(a)||2 ||G(b)||2
[ ||G(a)g G(a)||=||S(a2)−S(a)2|| [ e.
The second inequality follows by replacing b by bg.
(ii) Any completely positive contraction V between two Cg-algebras
satisfies the inequality V(x)g V(x) [ V(xgx). (This can, for example, be
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proved using Stinespring’s theorem as in the proof of (i) above.) Using this
fact twice together with the estimate ||S(T(a))2−a2|| [ 2 ||a|| e yields
0 [ S(T(a)2)−S(T(a))2 [ S(T(a2))−S(T(a))2
[ (a2+e · 1)−(a2−2 ||a|| e · 1)=(1+2 ||a||) e.
This proves (ii). L
Lemma 7.12. Suppose that A is a strongly purely infinite Cg-algebra. Let
w be a free filter on N, let a1, a2, ..., an be a set of commuting normal
elements in Aw, and let b1, b2, ..., bm be elements in Aw. Then there exists a
contraction d in Aw with
dgdak=ak, [d, ak]=0, [dgbjd, ak]=0, [dgbjd, bgbid]=0
for all i, j, and k.
Proof. It is no loss of generality to assume that all ak and all bj are
positive contractions. Next, it suffices to prove the lemma in the case
where m=1. Indeed, for m \ 2 use the case m=1 to find a contraction d1
satisfying
dg1d1ak=ak, [d1, ak]=0, [d
g
1b1d1, ak]=0, k=1, ..., n.
Recall that dg1akd1=ak (by Lemma 7.9). Then repeat the process on the
n+1 commuting elements a1, ..., an, an+1=d
g
1b1d1 and on b˜1=d
g
1b2d1 to
obtain a contraction d2 satisfying
dg2d2ak=ak, [d2, ak]=0, [d
g
2 b˜1d2, ak]=0, k=1, ..., n+1.
After m such steps we have found contractions d1, d2, ..., dm, and d=
d1d2 · · · dm will then be as desired.
Assume accordingly that m=1 and that b=b1 is a positive contraction.
By Lemma 7.9 it suffices to find a contraction d in Aw such that dgakd=ak,
dga2kd=a
2
k, and [d
gbd, ak]=0 for all k. By Lemma 2.5 it suffices to show
that for each e > 0 there is a contraction d in Aw such that
||dgankd−a
n
k || [ e, ||[dgbd, ak]|| [ e, k=1, ..., n, n=1, 2. (7.8)
We may assume that e [ 1/2.
We apply Remark 7.5 and Lemma 7.6 with Aw in the place of A, with
g1=e/4, g3=0, with g2 > 0 chosen such that
2`3g2+2g2 [ e, 64(2n+1) e−2g2+e/2+g2 [ e,
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and with {a1, ..., an, a
2
1, ..., n
2
n} in the place of the set {a1, ..., an}. Hence n
(from Remark 7.5) is replaced with 2n. In Remark 7.5 we chose positive
contractions f1, ..., fr, g1, ..., gr in the abelian Cg-algebra D generated by
a1, ..., an. By making a new choice of these positive contractions (if neces-
sary) we can find a third set of positive contractions k1, ..., kr in D with
fjkj=kj and kj gj=gj for i=1, ..., r.
With hj as in Remark 7.5 we have h
g
i hj=dij(fj− e/4)+ by (7.5) because
g3=0. In particular, h
g
j bhj [ hgj hj=(fj− e/4)+ because b is a contraction.
Apply Lemma 5.13 to the positive matrix
hgbh+R (f1− e/4)+−hg1bh1 · · · 0x z x
0 · · · (fr− e/4)+−h
g
r bhr
S
to obtain positive elements e1, ..., er in Aw such that
egj (fj− e/4)+ ej=(fj− e/2)+,
egi h
g
i bhjej=0 when i ] j, ||ej ||2 [ 8/e.
Put d=;rj=1 hjej g1/2j . Since fj gj=gj we obtain gj(fj− e/2)+=(1− e/2) gj
(because e [ 1/2), whence
dgd= C
r
i, j=1
g1/2i e
g
i dij(fj− e/4)+ ej g
1/2
j
=C
r
j=1
g1/2j (fj− e/2)+ g
1/2
j =(1− e/2) C
r
j=1
gj,
and so d is a contraction. We proceed to verify (7.8).
Let g ¥Mr, 1(Aw) and h ¥M1, r(Aw) be as in Remark 7.5 and define R:
Mr(Aw)Q Aw and T: Aw QMr(Aw) by
R(x)=ggxg, T(y)=Rk1eg1 · · · 0z
0 · · · kre
g
r
S hgyh Re1k1 · · · 0z
0 · · · erkr
S .
The (ij)th entry of T(b) is given by
(T(b))ij=kie
g
i h
g
i bhjejkj=˛kjegj hgj bhjejkj, if i=j0, if i ] j.
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We conclude that
R(T(b))= C
r
i, j=1
g1/2i (T(b))ij g
1/2
j =C
r
j=1
g1/2j e
g
j h
g
j bhjej g
1/2
j =d
gbd,
because g1/2j kj=g
1/2
j .
For each d \ 0 consider the map Sd: DQMr(D) from Remark 7.5. The
map S=S0 is given by
S(c)=Rrx1 (c) f1 · · · 0x z x
0 · · · rxr (c) fr
S , c ¥ D.
Use this, the expression for (T(b))ij, and that fjkj=kj to see that
S(c) T(b)=T(b) S(c) for all c inD. Because g1/2j fj g
1/2
j =gj we getR(S(c))=
; rj=1 rxj (c) gj for all c in D. Hence ||R(S(ank))−ank || [ g2 for all k and for
n=1, 2 by (7.4). Lemma 7.11(ii) now yields
||R(S(ak)2)−R(S(ak))2|| [ (1+2 ||ak ||) g2 [ 3g2,
whence
||R(S(ak) T(b))−R(S(ak)) R(T(b))|| [`3g2,
||R(T(b) S(ak))−R(T(b)) R(S(ak))|| [`3g2,
by Lemma 7.11(i). Recalling that S(ak) commutes with T(b) and that
R(T(b))=dgbd, this leads to the estimate ||R(S(ak)) dgbd−dgbdR(S(ak))|| [
2`3g2. Since ||R(S(ak))−ak || [ g2 we get
||[dgbd, ak]|| [ 2`3g2+2g2 [ e, k=1, ..., n,
by the choice of g2. We have
dgcd=gg Reg1 · · · 0x z x
0 · · · egr
S hgch Re1 · · · 0x z x
0 · · · er
S g,
ggSe/2(c) g=gg Reg1 · · · 0x z x
0 · · · egr
S Se/4(c) Re1 · · · 0x z x
0 · · · er
S g,
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for all c in D. From Lemma 7.6 we know that
||hgankh−Se/4(a
n
k)|| [ 8e−1(2n+1) g2, ||ggSe/2(ank) g−ank || [ e/2+g2
for k=1, ..., n and for n=1, 2. By the choice of g2 this shows that
||dgankd−a
n
k || [ ||dgankd−ggSe/2(ank) g||+||ggSe/2(ank) g−ank ||
[ 8e−1 ||hgankh−Se/4(ank)||+e/2+g2
[ 64(2n+1) e−2g2+e/2+g2 [ e,
for k=1, ..., n and n=1, 2. We have now established (7.8). L
Proposition 7.13 (Extension). Let A be a strongly purely infinite
Cg-algebra, let w be a free filter on N, let B be a separable sub-Cg-algebra of
Aw, and let C be an abelian sub-Cg-algebra of B. It follows that there is a
1-step inner completely positive contraction T: BQ Aw such that the image of
T is contained in an abelian sub-Cg-algebra of Aw and such that T(c)=c for
all c in C.
Proof. Choose countable subsets {b1, b2, ...} and {c1, c2, ...} of positive
contractions in B, respectively, C, which span dense subspaces of B and C,
respectively.
By Lemma 7.12 there is for each natural number n a contraction dn in Aw
such that
dgn ckdn=ck, [d
g
nbjdn, ck]=0, [d
g
nbjdn, d
g
nbidn]=0
for all i, j, k=1, 2, ..., n. (7.9)
Lemma 2.5 then shows that there is a contraction d in Aw such that (7.9)
holds for all i, j, and k in N. Now, the completely positive contraction
given by T(b)=dgbd has the desired properties. L
Proposition 7.14. Let A be a strongly purely infinite Cg-algebra.
(i) Let w be a free filter on N, let B be a separable sub-Cg-algebra of
Aw, and let V: BQ Aw be an approximately inner, completely positive con-
traction whose image is contained in an abelian sub-Cg-algebra of Aw. It
follows that V is 1-step inner relatively to Aw.
(ii) Let B be a separable sub-Cg-algebra of M(A), the multiplier
algebra of A, and let V: BQ A be an approximately inner completely positive
contraction whose image is contained in an abelian sub-Cg-algebra of A. Then
V is approximately 1-step inner relatively to A.
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Proof. We prove (i) and (ii) simultaneously. It suffices to show that if B
is either a separable subalgebra of Aw or ofM(A), if V: BQ Aw is approx-
imately inner (relatively to Aw), then V is 1-step inner relatively to Aw.
Because if V: BQ A is 1-step inner relatively to Aw, then V is approxi-
mately 1-step inner relatively to A by Lemma 7.3(i).
Choose a set {b1, b2, b3, ...} of positive elements that span a dense subset
of B. By Lemma 2.5 it suffices, for each n and for each e > 0, to find a
contraction f in Aw such that ||V(bk)−fgbkf|| [ e for k=1, 2, ..., n. By
assumption there is an m-step inner completely positive contraction W:
BQ Aw such that ||V(bk)−W(bk)|| [ e for all k=1, ..., n. Find d1, d2, ..., dm
in Aw such thatW(b)=;mi=1 dgj bdj.
By Lemma 7.12 there is a contraction d in Aw such that each pair of
elements in the finite set
{dgdgi bkdjd: i, j=1, ..., m, k=1, ..., n}
commute, and such that dgV(bk) d=V(bk) for k=1, ..., n ; cf. Lemma 7.9.
In particular, each dgdgi bkdjd is normal. Use Lemma 7.10 to find con-
tractions r1, ..., rm in Aw commuting with each dgd
g
i bkdjd, and such that
rgj d
gdgj bkdidri=dijd
gdgj bkdid (cf. Lemma 7.9). Put f=;mj=1 djdrj. Then
fgbkf= C
m
i, j=1
rgj d
gdgj bkdidri=C
m
j=1
dgdgj bkdjd=d
gW(bk) d, k=1, ..., n.
As ||W(bk)−V(bk)|| [ e, and d is a contraction satisfying dgV(bk) d=V(bk),
we conclude that ||V(bk)−fgbkf|| [ e. L
Definition 7.15. For each pair of Cg-algebras A and B such that
B ıM(A), define C0(B, A) to be the set of all approximately inner com-
pletely positive maps from B to A whose image is contained in an abelian
sub-Cg-algebra of A. Define C(B, A) to be the set of all completely positive
maps T: BQ A such that
T(b)= C
n
i, j=1
agj T0(c
g
j bci) ai, b ¥ B (7.10)
for some natural number n, for some a1, ..., an inM(A), for some c1, ..., cn
in M(B), and for some T0 in C0(B, A). Let Ca(B, A) denote the pointwise-
norm closure of C(B, A).
Let A be a Cg-algebra such that its multiplier algebra M(A) contains a
unital copy of the Cuntz algebra O2. Each stable Cg-algebra has this prop-
erty, and if A is stable and w is any filter on N, then Aw has this property.
Indeed, there is a unital embedding of B(H), where H is a separable infi-
nite dimensional Hilbert space, intoM(A) and there is a unital embedding
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of O2 into B(H). Also, there is a (canonical) unital embedding of M(A)
intoM(Aw).
By assumption there are isometries s1, s2 in M(A) satisfying the Cuntz
relation: sis
g
1+s2s
g
2=1. Fixing two such isometries s1, s2 we can for each
Cg-algebra B define the Cuntz sum of two maps T1, T2: BQ A by
(T1 À T2)(b)=s1T1(b) sg1+s2T2(b) sg2 , b ¥ B. (7.11)
The operation À depends on the choice of s1, s2, but only up to unitary
equivalence; À is not associative, but (T1 À T2) À T3 is unitarily equivalent
to T1 À (T2 À T3). With this in mind, define inductively T1 À T2 À · · · À Tn
to be (T1 À T2) À T3 À · · · À Tn. Then
(T1 À T2 À · · · À Tn)(b)=s1, nT1(b) sg1, n+·· ·+sn, nTn(b) sgn, n (7.12)
for some isometries s1, n, ..., sn, n in Aw satisfying 1=s1, ns
g
1, n+·· ·+sn, ns
g
n, n.
Lemma 7.16. Let A and B ıM(A) be Cg-algebras and assume that there
is a unital embedding of O2 intoM(A). Then the following holds:
(i) If T1, T2 belong to C(B, A), then so does their Cuntz sum T1 À T2.
(ii) If T1, ..., Tn belong to C(B, A), if a1, ..., an are elements in M(A),
then T: BQ A, given by T(b)=;nj=1 agj Tj(b) aj, belongs to C(B, A). In par-
ticular, C(B, A) is a cone.
(iii) If T belongs to C(B, A), if a1, ..., an belong to M(A), and
c1, ..., cn belong to M(B), then the mapping S: BQ A, given by S(b)=
;ni, j=1 agj T(cgj bci) ai, belongs to C(B, A).
Straightforward continuity considerations show that Lemma 7.16 holds
with C(B, A) replaced by Ca(B, A).
Proof. (i) Suppose first that T1, T2 belong to C0(B, A). The image of Tj
is then contained in an abelian sub-Cg-algebra Dj of A. Now, D=s1D1s
g
1+
s2D2s
g
2 is an abelian sub-C
g-algebra of A which contains the image of
T1 À T2. It is easy to cheek that T1 À T2 is approximately inner. Hence
T1 À T2 belongs to C0(B, A). Assume next that T1, T2 belong to C(B, A).
Then
Tk(b)= C
nk
i, j=1
agj, kSk(c
g
j, kbci, k) ai, k
for suitable aj, k in M(A), Cj, k in M(B), and with S1, S2 in C0(B, A). We
saw above that S=S1 À S2 belongs to C0(B, A). The Cuntz relation for the
isometries s1, s2 implies that s
g
kS(b) sl=dk, lSk(b). Hence
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(T1 À T2)(b)=C
2
k=1
C
nk
i, j=1
ska
g
j, kSk(c
g
j, kbci, k) ai, ks
g
k
= C
2
k, l=1
C
nk
i, j=1
ska
g
j, ks
g
kS(c
g
j, kbci, l) slai, ls
g
l ,
and it follows from the latter expression that T1 À T2 belongs to C(B, A).
(ii) In the notation of (ii) and (7.12), put a=;nj=1 sj, naj ¥M(A).
Then
T(b)=ag(T1 À · · · À Tn)(b) a.
From (i) we know that T1 À · · · À Tn belongs to C(B, A). It is now clear
from (7.10) that T belongs to C(B, A).
(iii) Let S, T be as stipulated. Find R in C0(B, A), elements e1, ..., em
inM(A), and elements f1, ..., fm, inM(B) such that
T(b)= C
m
k, l=1
egkR(f
g
kbfl) el, b ¥ B.
Then
S(b)= C
n
i, j=1
agj T(c
g
j bci) ai= C
n
i, j=1
C
m
k, l=1
agj e
g
kR(f
g
kc
g
j bcifl) elai.
This expression conforms with (7.10), and so S belongs to C(B, A). L
The two following (well known) facts, formulated as a lemma, are used
in the proof of Lemma 7.18 below. If r is a positive functional on a
Cg-algebra D and if d is an element in D, then dgrd denotes the positive
functional on D given by (dgrd)(x)=r(dgxd).
Lemma 7.17. Let D be a Cg-algebra.
(i) Let f1, ..., fn be elements in the dual of D. Then there is a cyclic
representation p of D on some Hilbert space H, a cyclic vector t in H, and
elements c1, ..., cn in p(D)Œ 5 B(H) such that fj(d)=Op(d) t, cgj tP for all d
in D.
(ii) Suppose that K is a weak-g closed sub-cone of the cone of all
positive linear functionals on D, and suppose that dgrd belongs to K for
every d in D and for every r in K. Let J be the set of all d in D such that
r(dgd)=0 for all r inK. Then J is a closed two-sided ideal in D; and if r0
is a positive functional on D such that r0(dgd)=0 for all d in J, then r0
belongs toK.
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Proof. (i) Since each element in the dual of D is a linear combination
of positive functionals on D it suffices to consider the case where each fj is
a positive. Put f=f1+·· ·+fn, and let (p, H, t) be the GNS-representa-
tion with respect to f, so that f(d)=Op(d) t, tP for all d in D. By (a linear
version of) Sakai’s Radon–Nikody`m theorem (see [12, Proposition 7.3.5])
there are elements cj in B(H) 5 p(D)Œ such that fj(d)=Ocjp(d) t, tP=
Op(d) t, cgj tP for all d in D.
(ii) The set J is a closed left-ideal of D (because the left-kernel of
each r in K is a closed left-ideal). Also, for each z in J, for each d in D,
and for each r inK we have r((zd)g (zd))=(dgrd)(zgz)=0 because dgrd
belongs to K. This proves that zd belongs to J, and hence that J is a
closed two-sided ideal in D.
To prove the second part of (ii) we may assume that J=0. (Otherwise
just replace A by A/J and view r0 and each functional in K as a func-
tional on A/J.) Suppose that r0 does not belong to K. Then, by the
Hahn–Banach theorem and the characterization of weak-g continuous
linear mappings on the dual space of A as being evaluation maps rW r(a)
for some a in A, there is an element a in A such that r0(a) < 0 and r(a) \ 0
for all r inK. Upon replacing a by (a+ag)/2 we may assume that a is self-
adjoint. Write a=a+−a− where a+ and a− are the positive and negative
parts of a. Let {en} be an approximate unit consisting of positive contrac-
tions for the Cg-algebra generated by a− . Then enaen Q −a− and enaen [ 0
for all n. For each r inK, egnren belongs toK, and hence
0 [ (egnren)(a)=r(enaen) [ 0,
so that r(−enaen)=0 for r inK and for all n. Since −enaen is positive, this
entails that enaen=0 for all n, and hence that a−=0. But this contradicts
the fact that r0(a) < 0. L
Lemma 7.18. Let B be a separable nuclear sub-Cg-algebra of a stable
Cg-algebra A and suppose that for each positive b in B there is V in Ca(B, A)
such that V(b)=b. Then the inclusion mapping i : BQ A belongs to Ca(B, A).
Proof. For each finite set b1, ..., bn in B and for each e > 0 we must find
V in Ca(B, A) such that ||V(bj)−bj || [ e for all j. Equivalently, we must
show that
(b1, ..., bn) ¥ {(V(b1), ..., V(bn)): V ¥ C(B, A)}. (7.13)
By a Hahn–Banach separation argument, and because the set displayed
above is convex (cf. Lemma 7.16(ii)) it will suffice to show the following:
For each finite set b1, ..., bn in B, for each set f1, ..., fn in Ag, and for each
e > 0 there is V in C(B, A) such |fj(bj)−fj(V(bj))| [ e for j=1, ..., n.
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Choose a cyclic representation p : AQ B(H), a cyclic vector t in H, and
elements c1, ..., cn in p(A)Œ 5 B(H) such that fj(b)=Op(b) t, cgj tP for all b
in B and for all j ; cf. Lemma 7.17(i).
Let C be the sub-Cg-algebra of B(H) 5 p(A)Œ generated by c1, ..., cn.
Keeping p and t fixed, let jV be the positive functional on B é C defined
by
jV(b é c)=Op(V(b)) t, cgtP, b ¥ B, c ¥ C. (7.14)
(A priori, jV defines a functional on the maximal tensor product B émax C,
but the maximal and the minimal tensor products on Bí C coincide
because B is nuclear.) Let K be the weak-g closure of the cone {jV: V ¥
Ca(B, A)}. Observe that
|fj(bj)−fj(V(bj))|=|Op(bj) t, c
g
j tP−Op(V(bj)) t, c
g
j tP|
=|ji(bj é cj)−jV(bj é cj)|.
Hence it will suffice to show that ji belongs toK.
We proceed to check that dgrd belongs toK for all r inK and for all d
in B é C. By continuity of the maps rW dgrd and dW dgrd (with d,
respectively, r fixed) it suffices to show that dgjVd belongs to K for d=
;nj=1 xj é yj in the algebraic tensor product Bí C and for V in C(B, A).
But
(dgjVd)(b é c)= C
n
i, j=1
jV(x
g
i bxj é ygi cyj)
= C
n
i, j=1
Op(V(xgi bxj)) t, (y
g
i cyj)
g tP
= C
n
i, j=1
Op(V(xgi bxj)) yjt, c
gyitP.
The vectors yjt can be approximated arbitrarily well by vectors of the form
p(aj) t for suitable elements aj in A. Let W: BQ A be given by W(b)=
;ni, j=1 agi V(xgi bxj) aj. ThenW belongs to C(B, A) by Lemma 7.16(iii), and
jW(b é c)= C
n
i, j=1
Op(V(xgi bxj)) p(aj) t, c
gp(ai) tP.
We conclude that dgjVd can be approximated in the weak-g topology by
elements of the form jW withW in C(B, A).
As in Lemma 7.17(ii), let J be the closed two-sided ideal in B é C con-
sisting of those elements z such that jV(zgz)=0 for all V in Ca(B, A). By
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Lemma 7.17(ii) it now suffices to show that ji(zgz)=0 for all z in J. It is a
consequence of a theorem of Blackadar [1, Theorem 3.3], see also [13,
Proposition 2.13], that J is the closed linear span of the set of elementary
tensors x é y in J because B is nuclear. The left kernel L of ji, consisting
of all z in B é C such that ji(zgz)=0, is a closed linear subspace of B é C,
and so it suffices to show that ji(xgx é ygy)=0 whenever x ¥ B and y ¥ C
are such that x é y belongs to J. By assumption there is Vx in Ca(B, A) such
that Vx(xgx)=xgx for each x in B. It follows that
ji(xgx é ygy)=Op(xgx) t, ygytP=jVx (xgx é ygy)=0
as desired. L
Lemma 7.19. Let B be a sub-Cg-algebra of a Cg-algebra A such that O2
admits a unital embedding intoM(A) rand assume that the inclusion mapping
B+ A belongs to Ca(B, A). Then Ca(B, A) contains every approximately inner
completely positive map from B to A.
Proof. Because Ca(B, A) is closed in the pointwise-norm topology, it
suffices to show that each inner completely positive map T: BQ A belongs
to Ca(B, A). Let i : BQ A denote the inclusion mapping (that belongs to
Ca(B, A)), and find d1, ..., dn in A such that
T(b)=C
n
j=1
dgj bdj=C
n
j=1
dgj i(b) dj.
It now follows from Lemma 7.16(ii) (and the remark below Lemma 7.16)
that T belongs to Ca(B, A). L
Lemma 7.20. Let A be a Cg-algebra, let B be a sub-Cg-algebra ofM(A),
and assume that every map in C0(B, A) is approximately 1-step inner. Then
every map in Ca(B, A) is approximately 1-step inner.
Proof. By the definition of being approximately 1-step inner, it suffices
to show that every map in C(B, A) is approximately 1-step inner. Take
(a non-zero) T in C(B, A) and find T0 in C0(B, A), a1, ..., an in M(A) and
c1, ..., cn inM(B) such that (7.10) holds. Put
C=max{||a1 ||, ||a2 ||, ..., ||an ||}.
Let F be a finite subset of B and let e > 0. Choose a positive contraction f
in B such that ||fbf−b|| [ e/2 ||T|| for all b in F. By the assumption that T0
is approximately 1-step inner, there is d inM(A) such that
||T0(c
g
j fbfci)−d
gcgj fbfcid|| [ e/(2C2n2), b ¥ F, i, j=1, ..., n.
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Put e=;ni=1 fci dai ¥M(A). Then, for all b in B,
||T(b)−egbe|| [ ||T(b)−T(fbf)||+||T(fbf)−egbe||
[ e/2+ C
n
i, j=1
||agj T0(c
g
j fbfci) ai−a
g
j d
gcgj fbfci dai ||
[ e/2+ C
n
i, j=1
||aj || ||ai || e(2C2n2)−1 [ e.
This shows that T is approximately 1-step inner. L
Theorem 7.21. Let A be a strongly purely infinite Cg-algebra and let B
be a nuclear, separable sub-Cg-algebra of A. Then each approximately inner,
completely positive map from B to A is approximately 1-step inner.
Proof. It suffices to prove the theorem in the case where A is stable.
Indeed, A éK is strongly purely infinite by Proposition 5.11 and we may
view any Cg-algebra A as being a sub-Cg-algebra of A éK. If V: BQ A is
approximately inner, then clearly so is V: BQ A éK. Next, if {dn}.n=1 is a
sequence of elements in A éK satisfying dgnbdn Q V(b), then we will also
have ggnbgn Q V(b), when gn=endnen ¥ A for a suitable approximate unit
{en}
.
n=1 for A.
Let w be a free filter on N and view A as a sub-Cg-algebra of the limit
algebra Aw. By Lemma 7.3(i) it suffices to show that each approximately
inner completely positive map from B to Aw is approximately 1-step inner.
The inclusion mapping i : BQ Aw belongs to Ca(B, Aw) by Lemma 7.18 and
Proposition 7.13, and Ca(B, Aw) therefore contains all approximately inner
completely positive maps by Lemma 7.19. Proposition 7.14(i) says that
each map in C0(B, Aw) is 1-step inner. Lemma 7.20 then implies that each
map in Ca(B, Aw)—and hence each approximately inner, completely positive
map from B to Aw—approximately 1-step inner. L
Other Applications
In the definition of strong pure infiniteness there are no assumptions
made on the norm of the elements d1, d2. A norm estimate for d1 and d2
was proved in Lemma 5.6. Now we can show that d1 and d2 can be chosen
to be contractions:
Corollary 7.22. Let A be a strongly purely infinite Cg-algebra. For
each
1a
x
xg
b
2 ¥M2(A)+
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and for each e > 0 there are contractions d1, d2 in A such that
>1dg1
0
0
dg2
2 1a
x
xg
b
2 1d1
0
0
d2
2−1a
0
0
b
2> [ e.
If, moreover, A=Ew for some Cg-algebra E and for some free filter w on N,
then there are contractions d1, d2 in A such that
1dg1
0
0
dg2
2 1a
x
xg
b
2 1d1
0
0
d2
2=1a
0
0
b
2 .
Proof. The second statement (concerning the case A=Ew) follows from
the first statement and from Lemma 2.5. We proceed to prove the first
statement of the corollary. Let ( ax
x*
b ) in M2(A)
+ and let e > 0 be given.
Choose positive contractions e in Cg(a) and f in Cg(b) such that
||a−eae|| < e/2 and ||b−fbf|| < e/2. Put B0=Cg(a, b, x), put B=M2(B0),
and put
C=31c1
0
0
c2
2 : c1 ¥ Cg(a), c2 ¥ Cg(b)4 .
Then C is an abelian sub-Cg-algebra of the separable Cg-algebra B. Let w
be a free ultrafilter on N. Apply Proposition 7.13 (and its proof) to find a
contraction d in Bw and an abelian sub-Cg-algebra D of Bw such that dgbd
belongs to D for all b in B and dg cd=c for all c in C. Write
d=1d11
d21
d12
d22
2 ¥ Bw=M2((B0)w).
For each c1 in Cg(a) and for each c2 in Cg(b) we have
1c1
0
0
0
2=dg 1c1
0
0
0
2 d=1dg11c1d11
dg12c1d11
dg11c1d12
dg12c1d12
2 ,
10
0
0
c2
2=dg 10
0
0
c2
2 d=1dg21c2d21
dg22c2d21
dg21c2d22
dg22c2d22
2 .
We conclude that
e1/2d12=0, f1/2d21=0, d
g
11c1d11=c1, d
g
22c2d22=c2, (7.15)
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for all c1 ¥ Cg(a) and all c2 ¥ Cg(b). Using this, we get
dg 1 0
f1/2xe1/2
0
0
2 d=1 0
dg22f
1/2xe1/2d11
0
0
2 ,
and this element commutes with diag(e1/2, 0) and with diag(0, f1/2). Hence
0=dg22f
1/2xe1/2d11e1/2=f1/2d
g
22f
1/2xe1/2d11. (7.16)
Put s=e1/2d11e1+2 and t=f1/2d22f1/2. Then s and t are contractions, tgxs=
0 by (7.16), and
sgas=e1/2dg11(e
1/2ae1/2) d11e1/2=eae,
tgbt=f1/2dg22(f
1/2bf1/2) d22f1/2=fbf
by (7.15). Write
s=pw(s1, s2, ...), t=pw(t1, t2, ...),
where sn and tn are contractions in B0 ı A. Then
lim sup
w
||tgnxsn ||=0, lim sup
w
||sgnasn−a|| < e/2,
lim sup
w
||tgnbtn−b|| < e/2.
We can therefore find n such that ||tgnxsn || [ e/2 ; ||sgnasn−a|| [ e/2, and
||tgnbtn−b|| [ e/2, and we can take d1=sn and d2=tn. L
8. TENSOR PRODUCTS WITH O.
Corollary 8.3 below gives a McDuff type description of Cg-algebras A
that satisfy A 5 A é O.. This corollary is proved in [13] by the first named
author. For the convenience of the reader, we give here the proof in a
version taken almost vertabim from [19, Chap. 7] (a work in progress at
the time when this was written).
Proposition 8.1 (An Approximate Intertwining). Let A and B be sepa-
rable Cg-algebras and let j : AQ B be an injective g-homomorphism. Suppose
that there is a sequence {vn}
.
n=1 of unitaries inM(B) such that
lim
nQ.
||vnj(a)−j(a) vn ||=0, lim
nQ.
dist(vgnbvn, j(A))=0,
for all a in A and all b in B. Then A and B are isomorphic, and there is an
isomorphism k : AQ B which is approximately unitarily equivalent to j.
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Proof. Let {a1, a2, a3, ...} and {b1, b2, b3, ...} be (countable) dense
subsets of A, respectively, of B. Passing to a subsequence of {vn} we can
inductively select unitaries vn inM(B) and elements an, j in A such that
||vgn (v
g
n−1 · · · v
g
2 v
g
1bjv1v2 · · · vn−1) vn−j(an, j)|| [ 1/n,
||vnj(aj)−j(aj) vn || [ 2−n, ||vnj(am, j)−j(am, n) vn || [ 2−n,
for j=1, 2, ..., n and m=1, 2, ..., n−1. Being a limit of a Cauchy sequence,
k(a)= lim
nQ.
v1v2 · · · vnj(a) v
g
n · · · v
g
2 v
g
1
exists for all a in {a1, a2, a3, ...}, and hence for all a in A ; and k : AQ B is a
g-homomorphism. Clearly k is injective, because ||k(aj)||=||aj || for all j,
and k is approximately unitarily equivalent to j. Observe that
||k(an, j)−v1v2 · · · vnj(an, j) v
g
n · · · v
g
2 v
g
1 || < 2
−n,
and use this to deduce
||bj−k(an, j)|| [ 2−n+||vgn vgn−1 · · · vg1bjv1 · · · vn−1vn−j(an, j)|| [ 2−n+1/n.
Since k(A) is closed and {b1, b2, b3, ...} is dense in B we conclude that
k(A)=B. L
Theorem 8.2 [13, Corollary 10.8]. Let A be a separable Cg-algebra and
let B be a unital and separable Cg-algebra. Then A is isomorphic to A é B if
(i) there is a sequence {j}.n=1 of unital injective
g-homomorphisms
from B into M(A) satisfying ||jn(x) a−ajn(x)||Q 0 for all a in A and all b
in B, and
(ii) the two g-homomorphisms a, b : BQ B é B given by a(b)=b é 1
and b(b)=1 é b, b ¥ B, are approximately unitarily equivalent.
It is shown in [15], based on ideas from the paper [8] by Effros, that a
Cg-algebra B that satisfies (ii) must necessarily be simple and nuclear.
Proof. We show that the conditions of Proposition 8.1 are satisfied
with respect to the injective g-homomorphism j : AQ A é B given by
aW a é 1B. More specifically we shall for each finite subset F of A, for
each finite subset G of B, and for each e > 0 find a unitary v in M(A é B)
such that
||vj(a)−j(a) v|| [ e, dist(vg(a é b) v, j(A)) [ e, a ¥ F, b ¥ G.
(8.1)
254 KIRCHBERG AND RØRDAM
Let w be a free filter on N. Let an: BQM(A é B) be given by
an(b)=jn(b) é 1, and define a : BQM(A é B)w to be a(b)=pw(a1(b),
a2(b), ...). By the assumption on the g-homomorphisms jn, the image of a
commutes with the image of j (when viewing M(A é B) as a sub-
Cg-algebra of M(A é B)w). Let b : BQM(A é B) ıM(A é B)w be given
by b(b)=1 é b. The images of a and b commute with each other and with
the image of j. The Cg-algebra generated by a(B) and b(B) is isomorphic
to B é B (because B is nuclear and simple). By (ii) there is a unitary w in
Cg(a(B), b(B)) with ||wgb(b) w−a(b)|| [ e/(2C) for all b in G, where
C=max{||a|| : a ¥ F}. Since w commutes with the image of j we have
wg(a é b) w=wgj(a) b(b) w=j(a) wgb(b) w, a ¥ A, b ¥ B.
Write w=pw(w1, w2, ...) where each wn is a unitary inM(A é B). Then
lim sup
w
||wnj(a)−j(a) wn ||=0,
lim sup
w
||wgn (a é b) wn−j(a) wgnb(b) wn ||=0,
lim sup
w
||wgnb(b) wn−an(b)||=||w
gb(b) w−a(b)|| [ e/(2C),
for all a in A and all b in B. It follows that
||wnj(a)−j(a) wn || [ e,
||wgn (a é b) wn−j(a) an(b)|| [ e, a ¥ F, b ¥ G,
for all n ¥X for some X ¥ w, and hence for at least one n. The element
j(a) an(b) belongs to A é 1=j(A) and (8.1) is therefore satisfied with
v=wn. L
Corollary 8.3. Let A be a separable Cg-algebra. Then A is isomorphic
to A é O. if and only if there is a sequence of unital g-homomorphisms
jn: O. QM(A) such that ||jn(x) a−ajn(x)||Q 0 for all x in O. and for all
a in A.
Proof. The ‘‘if’’ part follows immediately from Theorem 8.2 together
with the theorem of Lin and Phillips [17], that any pair of unital
g-homomorphisms O. Q O. é O. are approximately unitarily equivalent.
It is shown in Lin and Phillips’ paper [17] that O. is isomorphic to
ê.n=1 O.. As a consequence of this isomorphism we get a sequence
jn: O. Q O. of unital g-homomorphisms satisfying ||kn(x) y−ykn(x)||Q 0
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for all x, y in O.. Let A be any Cg-algebra. The Cg-algebraM(A) é O. is a
unital sub-Cg-algebra of M(A é O.), and so jn(x)=1 é kn(x) defines a
sequence of unital g-homomorphisms from O. into M(A é O.) which
satisfies ||jn(x) a−ajn(x)||Q 0 for all x in O. and for all a in A é O.. L
It follows easily from Corollary 8.3 that any Cg-algebra that absorbs O.
is approximately divisible.
Proposition 8.4. Let A be a separable Cg-algebra which is either unital
or stable. Then the Following conditions are equivalent
(i) A 5 A é O.,
(ii) for each natural number m, every approximately inner, completely
positive contraction from a sub-Cg-algebra B of Mm(A) into Mm(A) is
approximately 1-step inner,
(iii) there is sequence {dn}
.
n=1 inM2(A) such that
lim
nQ.
>dgn 1a0 002 dn−1a0 0a2>=0 (8.2)
for all a in A.
Proof. (i)S (ii). If A satisfies (i), then so does Mm(A) for all natural
numbers m. We need therefore only consider the case m=1. Let B be a sub-
Cg-algebra of A. It suffices to show that each n-step inner completely posi-
tive contraction V: BQ A is approximately 1-step inner. Find d1, ..., dn in
M(A) with V(b)=;nj=1 dgj bdj. By Corollary 8.3 we can find sequences of
isometries {tj, k}
.
k=1 inM(A) for 1, ..., n satisfying
t1, kt
g
1, k+·· ·+tn, kt
g
n, k [ 1, lim
kQ.
||tj, ka−atj, k ||=0,
for all a in A and all j. Put fk=;nj=1 tj, kdj. Then fgkafk Q V(a), and this
shows that V is approximately 1-step inner.
(ii)S (iii). Let B be the sub-Cg-algebra of M2(A) consisting of all ele-
ments of the form diag(a, 0) with a in A. Let V: BQM2(A) be given by
V 1a
0
0
0
2=1a
0
0
a
2 .
The map V is approximately 2-step inner, and hence V is approximately
1-step inner if (ii) holds.
(iii)S (i). If A is stable, then by Lemma 7.4(ii) we can take dn in
M2(M(A)) satisfying (8.2) to be isometries of the form
dn=1un0 vn0 2 . (8.3)
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Notice that (8.3) and (8.2) imply that un and vn are isometries inM(A) with
orthogonal range projections, that ugnaun Q a and v
g
navn Q a for all a in A,
and hence (by Lemma 7.9) that
lim
nQ.
||una−aun ||=0, lim
nQ.
||vna−avn ||=0 (8.4)
for all a in A.
Let E2 be the universal Cg-algebra generated by two isometries with
orthogonal range projections. The two isometries un, vn have orthogonal
range projections (for each fixed n), and so there is a unital g-homo-
morphism kn: E2 QM(A) mapping the two canonical generators of E2 onto
un and vn. By (8.4) we see that kn(x) a−akn(x)Q 0 for all x in E2 and all a
in A. The Cg-algebra E2 has a unital sub-Cg-algebra isomorphic to O..
Taking jn: O. QM(A) to be the restriction of kn, an application of
Corollary 8.3 yields that A is isomorphic to A é O..
Suppose now that A is unital (and that (iii) holds). Put e=diag(1, 0) in
M2(A). Upon replacing dn by edn we may assume that dn=edn. Applying
(8.2) to a=1 we find that dgndn Q 1. Hence d
g
ndn is invertible (for n large
enough) and d=wn |dn | for some isometry wn. Since ||wn−dn ||Q 0 and since
wn=ewn we can replace dn by wn and obtain isometries un and vn such that
(8.3) holds. The rest of the proof now follows the proof for the stable
case. L
Recall that a Cg-algebra A is called O.-absorbing if A é O. is iso-
morphic to A.
Proposition 8.5 (Permanence Properties). (i) If A is an O.-absorbing
Cg-algebra, then so is every closed two-sided ideal in A.
(ii) If A is an O.-absorbing Cg-algebra, then so is every quotient of A.
(iii) If A is a separable O.-absorbing Cg-algebra, and if B is a heredi-
tary sub-Cg-algebra of A admitting an approximate unit consisting of projec-
tions, then B is O.-absorbing.
(iv) If A is an inductive limit of a sequence A1 Q A2 Q A3 Q · · · of
separable Cg-algebras An, each of which absorbs O., and if each connecting
map An Q An+1 is non-degenerate,6 then A absorbs O..
6 A g-homomorphism j : DQ E is said to be non-degenerate if j(D) Ej(D) is dense in E.
Proof. (i) and (ii). Write A=A0 é O. for some Cg-algebra A0.
Suppose that I is an ideal in A. Because O. is exact and simple, I=I0 é O.
for some ideal I0 in I ; cf. [1, Theorem 3.3; 13, Proposition 2.13]. Hence I
is O.-absorbing, and A/I 5 (A0/I0) é O. because O. is exact.
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(iii) Let {pk}
.
k=1 be an increasing approximate unit for B where each
pk is a projection. Observing that there, are unital embeddings of E2 into
O. and vice versa, we may use Corollary 8.3—with E2 in the place of
O.—to find an asymptotically central sequence of unital g-homomorphisms
jn: E2 QM(A). Let s, t be the two canonical generators of E2; i.e., s, t are
isometries with ssg + ttg. Put p0=0 and put qk=pk−pk−1 for all k in N.
Then 1=;.j=1 qk inM(B) (the sum is strictly convergent). Also,
lim
nQ.
||jn(s) qk−qkjn(s)||= lim
nQ.
||jn(t) qk−qkjn(t)||=0.
The relations satisfied by s, t are stable, and we can therefore for each k in
N find sequences {sn, k}
.
n=1 and {tn, k}
.
n=1 of isometries in qkAqk=qkBqk
such that sn, ks
g
n, k + tn, ktgn, k, and such that
lim
nQ.
||qkjn(s) qk−sn, k ||= lim
nQ.
||qkjn(t) qk−tn, k ||=0.
For each n there is a (unique) unital g-homomorphism kn: E2 QM(B)
that satisfies
kn(s)=C
.
k=1
sn, k, kn(t)=C
.
k=1
tn, k
(the sums are strictly convergent). We have ||kn(x) b−bkn(x)||Q 0 for each
x in E2 and for each b in B. (To see this, consider first b in pkBpk for some
k.) Hence the conditions of Corollary 8.3 are satisfied, and so B is iso-
morphic to B é O..
(iv) Let mn: An Q A be the inductive limit map. Then mn is non-
degenerate for each n and it therefore extends to a unital g-homomorphism
mˆn:M(An)QM(A). Use Corollary 8.3 to find a sequence of unital g-homo-
morphisms jk, n: O. QM(An) such that
lim
kQ.
||jk, n(x) a−ajk, n(x)||=0, x ¥ O., a ¥ An.
Let kk, n: O. QM(A) be the composition mapping mˆn p jk, n. Then
lim
k, nQ.
||kk, n(x) a−akk, n(x)||=0, x ¥ O., a ¥ A.
Corollary 8.3 now shows that A absorbs O.. L
Theorem 8.6. Let A be a separable Cg-algebra. If A is strongly purely
infinite and nuclear, and if A is either stable or has an approximate unit con-
sisting of projections, then A is isomorphic to A é O.. Conversely, for any
Cg-algebra A, if A is isomorphic to A é O., then A is strongly purely infinite.
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Proof. Assume first that A is isomorphic to A é O.. Then, by
Corollary 8.3, there are sequences {un}
.
n=1 and {vn}
.
n=1 of isometries in
M(A) such that unu
g
n + vnvgn and
lim
nQ.
||una−aun ||=0, lim
nQ.
||vna−avn ||=0
for all a in A. Hence
1ugn
0
0
vgn
2 1a
x
xg
b
2 1un
0
0
vn
2Q 1a
0
0
b
2
for all a, b, x in A. We can now take d1=eun and d2=evn for an appro-
priate approximate unit e for A and for n large enough to show that A is
strongly purely infinite; cf. Lemma 5.2.
Suppose next that A is strongly purely infinite, nuclear, and that A either
has an approximate unit consisting of projections or is stable. In the former
case, if A éK absorbs O., then so does A by Proposition 8.5(iii), and
A éK is strongly purely infinite by Proposition 5.11(iii). It therefore suf-
fices to consider the case where A is stable.
Let B and V: BQM2(A) be as in the proof of (ii)S (iii) of Proposi-
tion 8.4. Being isomorphic to A, B is nuclear, and V is approximately 2-step
inner. Thus V is approximately 1-step inner by Theorem 7.21, and so A is
isomorphic to A é O. by Proposition 8.4. L
9. SUMMARY AND OPEN PROBLEMS
The main results of this paper are contained in Theorem 7.21 and in the
theorem below:
Theorem 9.1. Consider the following six properties of a separable
Cg-algebra A:
(i) A 5 A é O..
(ii) A is strongly purely infinite.7
7 A definition of being strongly purely infinite is given in Definition 5.1.
(iii) A is purely infinite.8
8 A definition of being purely infinite is given in Definition 3.4.
(iv) A is weakly purely infinite.9
9 A definition of being weakly purely infinite is given in Definition 4.3.
(v) Aw is traceless10 for some free filter w on N.
10 Traceless Cg-algebras are defined in Definition 4.2.
(vi) A is traceless.
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Then
(i)S (ii)S (iii)S (iv)Z (v)S (vi),
and
(ii)S (i) if A is nuclear, and either stable or with an approximate unit
consisting of projections;
(iii)S (ii) if A is either simple, of real rank zero, or approximately
divisible11;
11 A definition of being approximately divisible can be found in Definition 4.1.
(iv)S (iii) if and only if A has the global Glimm property,12 and in
12 A definition of the global Glimm property can be found in Definition 4.12.
particular if A is either simple, of real rank zero, or approximately divisible;
(vi)S (v) if A is approximately divisible.
Proof. The implications (i)S (ii) and (ii)S (i) are treated in
Theorem 8.6.
(ii)S (iii) is proved in Proposition 5.4. It is shown in Corollary 6.9 that
(iii)S (ii) if A is of real rank zero, and hence in particular if A is simple,
because all simple, purely infinite Cg-algebras are of real rank zero. Prop-
osition 5.14 shows that (iii)S (ii) for approximately divisible Cg-algebras.
(iii)S (iv) follows from [16, Theorem 4.16]; cf. the remark below Defi-
nition 4.3. The implication (iv)S (iii) is treated in Proposition 4.15,
Corollary 4.16, and Proposition 4.18.
The equivalence (iv)S (v) is proved in Theorem 4.8(i), and by
Theorem 4.8(ii) we have (iv)S (vi). Finally, the implication (vi)S (iv) is
proved to hold for approximately divisible Cg-algebras in [16,
Theorem 5.9]. L
The implication (ii)S (i) does not hold in general. There is in [7,
Theorem 1.4] an example of a simple, unital, purely infinite, separable
Cg-algebra A which is not approximately divisible. Hence A is not iso-
morphic to A é O. (as noted below Corollary 8.3). We do not have coun-
terexamples to any other implication of Theorem 9.1.13
13 Added to proof: It has recently been shown by the second named author that the impli-
cation (vi)S (v) fails: there is a non-nuclear simple counterexample.
We summarize the situation when A is either simple, approximately
divisible, or of real rank zero. The conclusions of Corollary 9.2 below were
obtained in 1994 by the first named author (and were published in [15]).
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Corollary 9.2. Let A be a simple, separable, nuclear Cg-algebra. Then
A 5 A é O. if and only if A is purely infinite.
Proof. If A is simple and purely infinite, then A is either stable or unital
by [22]. Hence conditions (i)–(v) in Theorem 9.1 are equivalent for A.
L
Corollary 9.3. Let A be a separable, nuclear Cg-algebra that is either
stable or admits an approximate unit consisting of projections. Then the
following conditions are equivalent:
(i) A 5 A é O.,
(ii) A is approximately divisible and purely infinite,
(iii) A is approximately divisible and traceless.
Proof. The implications (iii)S (ii)S (i) follow from Theorem 9.1. If
(i) holds then A is approximately divisible (this is easy to see from
Corollary 8.3), and A is traceless (by Theorem 9.1). L
It is a consequence of the next corollary that all non-degenerate (simple
and non-simple) Cuntz–Krieger algebras absorb O.. A Cuntz–Krieger
algebra OA is non-degenerate if its corresponding matrix has no irreducible
component which is a permutation matrix. Non-degenerate Cuntz–Krieger
algebras have real rank zero and all their non-zero projections are properly
infinite.
Corollary 9.4. Let A be a separable, nuclear Cg-algebra of real rank
zero. Then the following conditions are equivalent:
(i) A 5 A é O.,
(ii) A is strongly purely infinite,
(iii) A is purely infinite,
(iv) A is weakly purely infinite,
(v) Aw is traceless for all free filters w on N,
(vi) all non-zero projections in A are properly infinite.
Proof. Each Cg-algebra of real rank zero admits an approximate unit
consisting of projections, and so conditions (i)–(v) of Theorem 9.1 (and
hence of the present corollary) are equivalent for separable, nuclear
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Cg-algebras of real rank zero. The implication (iii)S (vi) follows from [16,
Theorem 4.16] (saying that all non-zero positive elements in a purely infi-
nite Cg-algebra are properly infinite), and (vi)S (iii) follows from [16,
Proposition 4.7] (since every hereditary sub-Cg-algebra of a quotient of a
Cg-algebra of real rank zero again is of real rank zero). L
There are still several unanswered questions regarding the structure of
infinite Cg-algebras. We list some of the more intriguing of these open
problems below:
Question 9.5 (Three Kinds of Pure Infiniteness). Do we have
A strongly purely infiniteZ A purely infiniteZ A weakly purely infinite
for all Cg-algebras A?
The two right-implications S in Question 9.5 are true and easy to prove
(see Theorem 9.1). All weakly purely infinite Cg-algebras are purely infinite
if and only if all weakly purely infinite Cg-algebras have the global Glimm
property (see Proposition 4.15), or, equivalently if and only if all non-zero
projections in a weakly purely infinite Cg-algebra are infinite (see Proposi-
tion 4.19).
We do not know if the multiplier algebra of a purely infinite Cg-algebra
is purely infinite. We do not even know if its unit is infinite. Following the
proof of Proposition 4.11, this would follow if we have an affirmative
answer to the following:
Question 9.6 (Sums of Properly Infinite Elements). Let a and b be
positive elements in a Cg-algebra A such that, for some d > 0, the elements
(a− e)+ and (b− e)+ are properly infinite for all e ¥ [0, d]. Does it follow
that their sum a+b is properly infinite?
A partial answer to this question can be found in Lemma 4.9. Note that
our assumption on a and b is slightly stronger than just asking these two
elements to be properly infinite. For example, any strictly positive element
a in the Cg-algebra K of compact operators on an infinite dimensional
Hilbert space is properly infinite (see [16, Proposition 3.7]), but (a− e)+ is
not properly infinite for e > 0.
There are strongly purely infinite Cg-algebras that are neither stable nor
have an proximate unit consisting of projections. Take, for example,
C0(R) é O. (which by the way clearly is O.-absorbing). The implication
(ii)S (i) of Theorem 9.1 therefore does not apply to all separable, nuclear
Cg-algebras. Nonetheless, we have no (nuclear, separable) counter example
to this implication. We therefore ask:
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Question 9.7 (Morita Equivalence of O.-Absorption). Suppose that A
and B are stably isomorphic Cg-algebras and that A 5 A é O.. Does it follow
that B 5 B é O.?
One can answer Question 9.7 in the affirmative if one can prove that the
inductive limit of any sequence A1 Q A2 Q · · · of O.-absorbing, separable
Cg-algebras, not necessarily with non-degenerate connecting mappings (see
Proposition 8.5(iii)) is O.-absorbing.
We know that extensions of weakly purely infinite and of purely infinite
Cg-algebras again are weakly purely infinite, respectively, purely infinite.
What is the situation for strongly purely infinite Cg-algebras?
Question 9.8 (Extensions of O.-absorbing Cg-algebras). Given an
extension
0Q IQ AQ BQ 0
of Cg-algebras. Suppose that I and B are strongly purely infinite. Does it
follow that A is strongly purely infinite? Can one conclude that A 5 A é O. if
we know that I 5 I é O. and B 5 B é O.?
It is shown in Proposition 8.5 that I and B are O.-absorbing if A is
O.-absorbing.
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